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Abstract
In the previous four decades, the two-coil mutual inductance (MI) technique has been widely
employed in characterizing magnetic penetration depth, λ, of superconducting films. However,
the conventional methods used to obtain λ are not applicable to small-sized films with common
shapes, which limits the application of the MI technique in superconductivity research. Here, we
first employed the fast wavelet collocation (FWC) method to a two-coil system and then
proposed the possibility of directly obtaining the absolute λ of polygonal superconducting films
with arbitrary sizes. To verify its accuracy and advantages, we extracted the λ values of square
NbN films with different sizes using the FWC and conventional flux leakage subtraction (FLS)
methods. Notably, the FLS method fails for a 5× 5mm2 film, which is attributed to the
significant current peak at the film edge. In contrast, the absolute λ extracted using the FWC
method was independent of the film size. Finally, we established the applicability of the FWC
method to large coil spacings, which may pave the way for integrating high-accuracy λ
measurements with the ionic liquid gating technique.

Keywords: magnetic penetration depth, two-coil mutual inductance technique,
superconducting film, fast wavelet collocation method

(Some figures may appear in colour only in the online journal)

1. Introduction

As a key physical parameter for superconductors, the mag-
netic penetration depth, λ, links macroscopic electrodynam-
ics with the microscopic mechanism of superconductivity [1].
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∗
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First, λ−2 is proportional to the superfluid density, ns, and
its temperature dependence, λ−2 (T), encodes the information
on paring symmetry and multiband superconductivity [2–4].
Second, by further extrapolating to the zero-temperature limit,
the superfluid phase stiffness, ρs0 ∝ λ−2 (T→ 0), could be
extracted, which represents the resiliency of the superconduct-
ing phase under quantum or thermal fluctuations [5–9]. Third,
according to the London phenomenological model, λ2 is pro-
portional to the effective mass,m∗, which could directly reflect
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the impact of a quantum critical point [10–12]. In addition,
the performances of most applicable superconducting devices
depend on λ, e.g. the surface resistance, Rs, of microwave fil-
ters [13] and the superheating field, Bsh, of radio-frequency
cavities in accelerators [14, 15]. That is, high-precision meas-
urement of the absolute value of λ is crucial for elucidating
the mechanism of superconductivity and exploring the applic-
ations of superconductors.

However, measuring the absolute value of λ accurately
is difficult because λ is on the order of thousands of ang-
stroms. Currently, scientists have developed various tech-
niques [16, 17], among which the two-coil mutual induct-
ance (MI) technique is of particular interest. Owing to its
simplicity, no destruction, and high sensitivity, the technique
has been used to characterize λ in a wide range of super-
conducting films. Over the previous 40 years, the MI tech-
nique has provided insight into the nature of superconduct-
ivity, including the Berezinskii-Kosterlitz-Thouless transition
in Al and NbN thin films [18, 19], quantum criticality in
strongly underdoped Y1−xCaxBa2Cu3O7−δ ultrathin films [7],
and the scaling law between ρs0 and critical transition tem-
perature, Tc, in La2−xSrxCuO4 films [20]. Recently, Jia et al
[21] reported a dome-shaped superconducting region in K-
absorbed FeSe films using an in situ MI device in a mul-
tifunctional scanning tunneling microscope, demonstrating
the advantage of the MI technique in characterizing fragile
samples.

In general, a MI device consists of a drive coil and a pickup
coil, which are coaxially located on the same side (reflection-
type) or opposite sides (transmission-type) of the supercon-
ducting film.When the film enters theMeissner state, the mag-
netic field produced by the alternating current in the drive coil
is expelled by the induced screening current in the film. Con-
sequently, the pickup coil voltage, V, or equivalent MI, M,
undergoes an instantaneous change, from which the absolute
value of λ can be extracted [22–25].

For the reflection-type MI setup, it is easy to implement
further manipulations on the film [26–28] because both coils
are under the substrate and the top side of the film is free.
However, it is difficult to achieve high-precision measurement
of λ when using this configuration. This is because there is
no method for eliminating the errors arising from the uncer-
tainties in the coil geometry, most of which are owing to
the nonideal aspects of coil windings and thermal shrinkage
when the sample is cooled down. In contrast, for the trans-
mission-type MI setup, these uncertainties can be removed
by normalizing the measured MI, Mexp, to its normal state
value, Mexp(T> Tc) [24, 25]. Moreover, when the radius of
the film is infinite, the normalized MI, Mexp/Mexp(T> Tc),
can be expressed analytically; the expression was first derived
by Clem et al [29]. In practice, the finite size of the film
allows some magnetic flux leaks around the film edge, thus
resulting in residual coupling,M1. Notably, it was established
that M1 is independent of λ and depends only on the shape
of the film [24, 30]; thus it can be evaluated experiment-
ally by substituting a thick Nb film with the same shape as
the sample. Thereafter, λ can be extracted from the corrected
MI (Mexp −M1)/Mexp(T> Tc). This method has been widely

used, and it is referred to as the flux leakage subtraction (FLS)
method in this study.

However, the FLSmethod preserves high precision only for
small M1/Mexp (T> Tc) [24, 25], which intuitively requires a
large film size. Therefore, Fuchs et al [31] suggested a film
with a diameter greater than 50mm for accuracy. However, the
preparation of high-quality large-sized superconducting films
is challenging. Although the conventional numerical model
is independent of the film size, it can only deal with circular
films [25]. For small-sized films with common shapes such as
squares, an accurate method for extracting the absolute λ from
M is required.

In this study, we first employed the fast wavelet colloca-
tion (FWC) method to extract the absolute λ from the MI data,
which in principle applies to polygonal superconducting films
with arbitrary sizes. Additionally, the details of the numerical
model are presented. To evaluate the accuracy and advantages,
we compared the values of λ obtained using the FWC method
with those obtained using the FLS method.

2. Experimental methods

The inset of figure 1 shows a schematic of our transmission-
type MI device, in which the drive and pickup coils are coaxi-
ally located on opposite sides of the film. Both coils were
wound using 40 µm oxygen-free copper wires with insula-
tion coating. Their inner diameter was 0.5 mm, the outer dia-
meter was 1.3 mm, and the length was 1.6 mm. The separ-
ation between the two coils was approximately 1 mm. The
devicewas thermally connected to a 3K platform of aMontana
Instruments cryocooler. The drive current had a frequency
of 10 kHz and an amplitude of 2 mA, supplied by a Stan-
ford Research SR830 lock-in amplifier. It is estimated that
the excitation field at the film center is ∼93 µT.The induced
voltage, V= Vx+ iVy, in the pickup coil was measured using
the same lock-in amplifier with a reference phase of 90◦. More
details can be found in our previous work [32].

The MI M of the two coils can be determined as

M=
Vx
ωId

+ i
Vy
ωId

, (1)

where ω is the angular frequency and Id is the amplitude of the
drive current. The first term in equation (1) represents induct-
ive coupling, whereas the second represents resistive coupling.
Except at temperatures near Tc, the film response is purely
inductive and the resistive coupling is negligible [25].

We fabricated high-quality NbN films via reactive DCmag-
netron sputtering, as detailed in [33]. Films with sizes of
10× 10mm2 (NbN#1) and 5× 5mm2 (NbN#2) were grown
in the same branch. The substrates were (100)-oriented MgO
single crystals. The thickness of the films was 6.5± 0.2 nm,
as characterized by x-ray reflectivity.

3. Numerical model

The role of our numerical model is to establish a one-to-one
correspondence between λ and M. In principle, two types of
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Figure 1. (a) x-ray diffraction patterns of NbN#1 and NbN#2.
(b)Temperature dependence of the pickup coil voltage for NbN#1.
The black and red curves represent the real and imaginary
components of the pickup coil voltage, respectively. The inset shows
the schematic illustration of the MI device.

currents contribute to MI M. One is the alternating current in
the drive coil. The other is the screening current in the super-
conducting film, which needs to be carefully determined.

We consider a polygonal superconducting film placed on
the xy plane. The thickness of the film is d, and the projec-
tion of the film on the xy plane is a polygon Ω. We assume
that the vector potential, Ad = Adxx̂+Adyŷ, generated by the
drive current and screening current density js = jsxx̂+ jsyŷ in
the film are parallel to the film surface. Thereafter, employ-
ing Londons and Maxwells equations, jsα (α= x,y) is given
by [24, 25]

jsα (r)+
deff
4πλ2

ˆ

Ω

d2r ′
jsα (r ′)
|r− r ′|

=− 1
µ0λ2

Adα (r) , (2)

where r= xx̂+ yŷ is the coordinate in Ω, deff = λsinh(d/λ)
is the effective thickness and µ0 = 4π× 10−7N A−2 is the
vacuum permeability.

Equation (2) is a two-dimensional Fredholm integral
equation of the second kindwith aweakly singular kernel. This
type of equations are of great importance in various engin-
eering application fields [34], while their solution is an unre-
solved problem until the 21st century. We propose to solve
equation (2) by the FWC algorithm, which was first developed
by Chen et al [34]. Its significant computational efficiency and
attractive convergence properties have been demonstrated in
[34–36]. In the rest of this section, we will take the rectangu-
lar film as an example to describe the calculation steps of the
FWC method.

First, we subdivide the polygon Ω into several triangles,
and there is at most one common edge or vertex for
two different triangles. A rectangular film with a length
of 2a and a width of 2b can be divided into two tri-
angles: ∆0 =

{
(x,y) ∈ R2 : x⩾−a,y⩽ b,ay− bx⩾ 0

}
and

∆1 = {(x,y) ∈ R2 : x⩽ a,y⩾−b,ay− bx< 0}. Because ∆0

and ∆1 can be affinely mapped onto the unit triangle E={
(x,y) ∈ R2 : 0⩽ x⩽ y⩽ 1

}
, equation (2) can be rewritten as

j̃sα
1
(x,y)+

deff
2πλ2

[
b
(
Kj̃sα

1
)(

x,y,
b
a

)
+ a

(
Kj̃sα

2
)(

y,x,
a
b

)]
= fα (x,y) ,

j̃sα
2
(x,y)+

deff
2πλ2

[
b
(
Kj̃sα

1
)(

y,x,
b
a

)
+ a

(
Kj̃sα

2
)(

x,y,
a
b

)]
= fα (y,x) ,

(3)

where j̃sα
1
(x,y) = jsα (2ax − a,2by − b) , j̃sα

2
(x,y) =

jsα (2ay− a,2bx− b) , fα (x,y) =− 1
µ0λ2Adα (2ax− a, 2by− b),

and the effect of operator K is (KF)(x,y, t) =´
E
dx ′dy ′

F(x ′,y ′)√
(x ′−x)2+t2(y ′−y)2

.

Next, we expand j̃sα
β
(α= x, y, β = 1, 2) using multi-

scale wavelets {ωij} (see appendix A1a) as

j̃sα
β
(x,y) =

n∑
i=0

ω(i)∑
j=0

uβijαωij (x,y) , (4)

where i and j are integers, ω (0) = 3, ω (i) = 9× 4i−1 (i⩾ 1)
and n⩾ 1 is the highest level of ωij (for rectangular films,
we take n= 6 [35]). Thereafter, by substituting equation (4)
into equation (3) and applying collocation functional ℓi ′j ′ (see
appendix A2a) on both sides of equation (3), we obtain the
matrix equation

n∑
i=0

ω(i)∑
j=0

[(
Ei ′j ′ij 0
0 Ei ′j ′ij

)
+

deff
2πλ2

(
bK11

i ′j ′ij bK12
i ′j ′ij

bK21
i ′j ′ij bK22

i ′j ′ij

)]
(

u1ijα
u2ijα

)
=

(
F1
i ′j ′α

F2
i ′j ′α

)
.

(5)

The elements of coefficient matrix can be calculated as
follows:

3
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Ei ′j ′ij = ⟨ℓi ′j ′ ,ωij (x,y)⟩ ,

K11
i ′j ′ij =

〈
ℓi ′j ′ ,(Kωij)

(
x,y,

b
a

)〉
,

K12
i ′j ′ij =

〈
ℓi ′j ′ ,(Kωij)

(
y,x,

a
b

)〉
,

K21
i ′j ′ij =

〈
ℓi ′j ′ ,(Kωij)

(
y,x,

b
a

)〉
,

K22
i ′j ′ij =

〈
ℓi ′j ′ ,(Kωij)

(
x,y,

a
b

)〉
,

F1
i ′j ′α = ⟨ℓi ′j ′ , fα (x,y)⟩ ,
F2
i ′j ′α = ⟨ℓi ′j ′ , fα (y,x)⟩ , (6)

where ⟨ℓ,F⟩ represents the value of functional ℓ evaluated at
function F (see appendix A2a).

Owing to the tight support properties of ωij, {Ei ′j ′ij}
is an upper-triangular sparse matrix. Whereas for{
Kβγ
i ′j ′ij

}
(β = 1, 2, γ = 1, 2) , the number of non-zero ele-

ments or equivalent two-dimensional singular integers to be
calculated is ∼108, which would cost considerable computa-

tion time. Fortunately, it was established that
{
Kβγ
i ′j ′ij

}
can be

approximated by a compressed sparse matrix
˜{
Kβγ
i ′j ′ij

}
[35].

A detailed compression algorithm is presented in appendix B.
After constructing the coefficient matrix, uβijα can be determ-
ined by solving equation (5). Subsequently, the screening
current density can be obtained according to equation (4).

Finally, the MI, Mcal, is calculated by integrating the vec-
tor potential of the drive and screening currents around each
loop of the pickup coil. In this study, we extracted the abso-
lute λ by interpolatingMexp/Mexp(T> Tc) into a lookup table
consisting of Mcal/Mcal(T> Tc) for different λ values.

4. Results and discussion

We characterized NbN#1 and NbN#2 using x-ray diffraction
and our homemade transmission-type MI device. Figure 1(a)
shows the x-ray diffraction θ−2θ scans for NbN#1 and
NbN#2. Both films show a peak corresponding to the (200)
peak of NbN, which crystallizes in the fcc structure. The raw
MI data for NbN#1 is shown in figure 1(b). It is established that
strong diamagnetic screening emerges when the sample enters
the Meissner state at Tc ∼ 14K, which is reflected as a sudden
drop of Vx in the pickup coil (black line). Correspondingly, Vy
shows a clear dip (red line), which may be attributed to energy
dissipation mechanisms such as vortex-antivortex unbinding
[18, 37]. In addition, the full width at half maximum of Vy (T)
is less than 1 K, indicating good film quality [3].

4.1. Breakdown of FLS method

We first employed the FLS method to extract λ (denoted
asλFLS) of NbN#1

(
10× 10mm2

)
and NbN#2

(
5× 5mm2

)
from the MI, the details are described in [32]. Notably, the
λFLS values of the two films exhibit significant discrepan-
cies at low temperatures (figure 2). The λFLS (T= 4K) of

Figure 2. Temperature-dependent penetration depth, λFLS, of
NbN#1 (red circles) and NbN#2 (black circles) extracted using the
FLS method, showing non-negligible deviation at low temperature.

NbN#2 is∼10% higher than that of NbN#1. This phenomenon
prompts us to recall the criterion given by Turneaure et al [24],
which predicts that the FLS method fails when the film size
is less than about five times the diameter of the coils. That
is because the screening current reaches a significant peak at
the film edge for small-sized films, which may cause a non-
negligible contribution to M1. Thus M1 depends on λ, lead-
ing to the failure of the FLS method. Considering that the
outer diameters of our coils are 1.3 mm, we speculate that
the FLS method may be invalid for the NbN#2 with a size of
5× 5mm2.

4.2. Calculated screening currents

To verify our speculation, we calculated the screening cur-
rents for square superconducting films with d= 6.5nm and
λ= 300nm by solving equation (2). Figure 3 shows the nor-

malized screening current densities, js =
√
j2sx+ j2sy, for the

5× 5mm2 and 10× 10mm2 films. They both attain a local
maximum around the radius of the drive coil, which is consist-
ent with previous reports [24, 25]. Notably, there indeed exists
a significant peak at the edge of the 5× 5mm2 film. In addi-
tion, the current density shows uneven distribution along film
edge, which may come from the boundary condition without
circular symmetry.

Thus, we conclude that the breakdown of the FLS method
for small-sized films is due to the large screening current at the
film edge, which is a crucial finding in this study. In addition,
the breakdown will become more significant for smaller λ,
when the screening current at the film edge is larger. As a res-
ult, the error of FLS method will increase with the decrease of
temperature, as shown in figure 2.

4
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Figure 3. Normalized screening current densities js =
√
j2sx+ j2sy for 5× 5mm2 and 10× 10mm2 superconducting films, calculated by the

FWC method. (a), (b) Three-dimensional false-color plot of the normalized js (x,y). (c), (d) Cuts of (a) and (b) at y= 0.

5. λ re-extracted using the FWC method

In contrast, the screening current at the film edge is considered
in our numerical model, so the FWC method in principle
works for small-sized films. To elucidate this, we re-extracted
λ (denoted as λFWC) based on the lookup tables depicted in
section 3. As shown in figure 4(a), the low-temperature data for
the NbN#1 and NbN#2 are consistent. The difference in film
size resulted in a deviation of only ∼1nm in λFWC (T = 4 K).
Moreover, the values of the extrapolated zero-temperature
penetration depth λFWC (0) are consistent with the data in lit-
erature [19] (see figure 4(b)).

To summarize, we present the film-size-dependent λ
extracted using the FLS and FWC methods in figure 4(c).
It is established that for large-sized films (see the shadow

region where the Turneaure criterion meets), λFLS is almost
similar to λFWC. However, as the film size decreases, λFLS

changes dramatically while λFWC remains almost unchanged.
This indicates the applicability of the FWC method for small-
sized superconducting films. In practice, when the film size
is close to or less than the coil diameter, the position of the
film with respect to the coils cannot be determined accur-
ately, which may reduce the accuracy of the measurement
of λ.

In addition, we tested the tolerance of the FWC method to
different coil spacings. As shown in figure 4(d), the variation
ofλFWC is only 5%when the coil spacing reaches 1.6mm. This
spacing is sufficiently large for the ionic liquid gating experi-
ment, which is a powerful tool for manipulating the supercon-
ducting properties continuously [38, 39].

5
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Figure 4. (a) Temperature-dependent λFWC of NbN#1 (red circles) and NbN#2 (black circles) extracted using the FWC method. (b) Value
of λFWC (T→ 0) for NbN#2 extracted using the FWC method, which shows a good agreement with the published data [19]; the length of
error bar is shorter than the symbol size. (c) Film-size-dependent penetration depth extracted using the FLS and FWC methods. The shadow
region indicates where the FLS method works [24]; the dashed line is a visual guide. (d) Measurements of λFWC (T→ 0) for NbN#2 with
different coil spacings.

6. Conclusions

In summary, we propose the FWC method for the MI
technique to extract the absolute λ of polygonal supercon-
ducting films with arbitrary sizes. The experimental res-
ults on the square NbN films indicate that the absolute
λ extracted using the FWC method is independent of the
film size, whereas the conventional FLS method fails for
the 5× 5mm2 film because of the significant current peak
at the film edge. This numerical method allows us to dir-
ectly determine λ of small-sized superconducting films, dis-
pensing with extra manipulations. In addition, for a coil
spacing of 1.6 mm, the error in λFWC is only ∼5%. The
high tolerance to coil spacing is promising in the in situ
λ measurements integrated with ionic liquid gating tech-
nique, paving a high-efficiency way for the superconductivity
research.
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Appendix A. The multi-scale bases and collocation
functionals

1. Multi-scale wavelets

We select the two-dimensional linear multi-scale wavelets
ωij (x,y)

(
(x,y) ∈ E=

{
(x,y) ∈ R2 : 0⩽ x⩽ y⩽ 1

})
in [36]
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to expand the screening currents, where subscript i represents
the level ofωij and j represents the serial number ofωij at the ith
level. For convenience, let Zn = {0,1, · · · ,n− 1}, and Zm

n =
Zn×Zn× ·· ·×Zn. We further introduce a family of contract
mappings Φ= {ϕi : i ∈ Z4}, which subdivide the unit triangle
E into four triangles:Si = ϕi (E) (i ∈ Z4) . Note that different
E corresponds to different ϕi functions. In our case, ϕ0 =(
x
2 ,

y
2

)
,ϕ1 =

(
x
2 ,

y+1
2

)
,ϕ2 =

(
1−x
2 ,1− y

2

)
,ϕ3 =

(
x+1
2 , y+1

2

)
.

The three wavelets at level 0 are constructed as

ω00 (x,y) =−3x+ 2y,

ω01 (x,y) = 2+ x− 3y,

ω02 (x,y) =−1+ 2x+ y. (A1a)

The nine wavelets at level 1 are given by

ω10 (x,y) =

{
− 11

8 − 15
8 x+

41
8 y (x,y) ∈ S0,

5
8 +

1
8x−

7
8y (x,y) ∈ E\S0,

ω11 (x,y) =

{
1− 15

4 x−
7
8y (x,y) ∈ S0,

−1+ 1
4x+

9
8y (x,y) ∈ E\S0,

ω12 (x,y) =

{
9
8 +

15
8 x−

29
8 y (x,y) ∈ S0,

− 15
8 − 1

8x+
19
8 y (x,y) ∈ E\S0,

ω13 (x,y) =

{
− 15

8 − 41
8 x+

13
4 y (x,y) ∈ S1,

1
8 +

7
8x−

3
4y (x,y) ∈ E\S1,

ω14 (x,y) =

{
29
8 + 7

8x−
37
8 y (x,y) ∈ S1,

− 3
8 −

9
8x+

11
8 y (x,y) ∈ E\S1,

ω15 (x,y) =

{
− 5

8 −
29
8 x+

7
4y (x,y) ∈ S1,

3
8 +

19
8 x−

9
4y (x,y) ∈ E\S1,

ω16 (x,y) =

{
15
4 − 13

4 x−
15
8 y (x,y) ∈ S3,

− 1
4 +

3
4x+

1
8y (x,y) ∈ E\S3,

ω17 (x,y) =

{
− 1

8 −
37
8 x+

15
4 y (x,y) ∈ S3,

− 1
8 +

11
8 x−

1
4y (x,y) ∈ E\S3,

ω18 (x,y) =

{
− 5

2 +
7
4x+

15
8 y (x,y) ∈ S3,

1
2 −

9
4x−

1
8y (x,y) ∈ E\S3,

(A1b)

where E\Si represents the set difference of Si from E.
To generate high level wavelets ωij for i⩾ 2, we intro-

duce the composite map ϕe = ϕe0 · · ·ϕen−1 , where e=
(e0, · · · ,en−1) ∈ Zn

4 is an n-dimensional vector, and a num-
ber associated with e is defined as µ(e) =

∑n
k=1 4

n−kek−1.
Additionally, we define operators Te (e ∈ Z4) by TeF(x,y) =
F
(
ϕ−1
e (x,y)

)
χSe (x,y) , where χSe denotes the characteristic

function of set Se. The corresponding composite operator is
Te = Te0 · · ·Ten−1 . Thereafter, the high-level multiscale wave-
lets, ωij (i⩾ 2), are constructed as

ωij = Teω1l, j= 9µ(e)+ l, e ∈ Zi−1
4 , l ∈ Z9. (A1c)

2. Collocation functionals

Using collocational functionals ℓij, we can discretize equation
(3) into equation (5), which is easier to handle. The concrete

form of ℓij is given in [36]. The three functionals of level 0 are
given by

ℓ0j = δt0j , j ∈ Z4, (A2a)

where δt0j is the point evaluation functionals of three points
t00 =

(
1
7 ,

5
7

)
, t01 =

(
2
7 ,

3
7

)
, t02 =

(
4
7 ,

6
7

)
, and its effect on

function F is defined as ⟨δt0j , F⟩= F(t0j) . The nine colloca-
tion functionals at level 1 are constructed as

ℓ1l =
∑
e∈Z12

cleδt1e , l ∈ Z9, (A2b)

where t1e = ϕi (t0j) (e= 3i+ j, i ∈ Z4, j ∈ Z3) and the matrix
C= {cle}9×12 is constructed as

C=



0 1 0 0 1 0 0 −1 0 0 0 −1
0 −1 0 0 1 1 0 0 0 0 0 −1
0 1 0 0 0 −1 0 0 1 0 0 −1
−1 0 0 1 0 0 0 0 1 −1 0 0
1 0 0 0 0 0 0 0 1 −1 0 −1
1 0 0 0 0 1 0 0 −1 0 0 −1
0 0 1 0 0 −1 1 0 0 0 −1 0
0 0 1 0 0 1 −1 0 −1 0 0 0
0 0 1 0 0 −1 0 0 −1 0 0 1


.

(A2c)

Subsequently, we introduce a linear operator, Le, defined
for functional ℓ and function F by the equation, ⟨Leℓ,F⟩=
⟨ℓ,Fϕe⟩, and its composite operator Le = Le0 · · ·Len−1 . With
the initial functionals, we can construct collocation function-
als for i⩾ 2 as

ℓij = Leℓ1l, j= 9µ(e)+ l,e ∈ Zi−1
4 , l ∈ Z9. (A2d)

Appendix B. Block truncation scheme

Using block truncation schemes presented in [35], we can

approximate matrix
{
Kβγ
i ′j ′ij

}
(β = 1, 2, γ = 1, 2) by a sparse

matrix
˜{
Kβγ
i ′j ′ij

}
. According to equation (6), the computation

of matrix element Kβγ
i ′j ′ij is associated with the corresponding

ℓi ′j ′ and ωij, which are further associated with a unique pair
of vectors e ′ and e such that ℓi ′j ′ = Le ′ℓ1l ′ and ωij = Teω1l.
Hence, Kβγ

i ′j ′ij corresponds to a unique pair of e
′ ande.

In addition, the contractive mapping ϕe can map the
unit triangle E into a smaller triangle Sij (E) , which has a

centroid(Cx,Cy) . Therefore, we define Γ(e) = 4
i−1
2 (Cx,Cy)

and assign another pair of vectors q ′ and q to the matrix ele-
ment Kβγ

i ′j ′ij as follows:

(a) If i⩾ i ′, set ec = (e0,e1, · · · ,ei ′−2) and q ′ = Γ(e ′), q=
Γ(ec).

(b) If i< i ′, set e ′c =
(
e ′0,e

′
1, · · · ,e ′i−2

)
and q ′ = Γ(e ′c), q=

Γ(e).

Consequently,
{
Kβγ
i ′j ′ij

}
can be divided into blocks

{
Kβγ
q ′q

}
according to q ′ and q as

Kβγ
q ′q =

{
Kβγ
i ′j ′ij : K

βγ
i ′j ′ijcorresponds to the same pair q ′ and q

}
.

7
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Given the truncation parameter
√
2⩽ ri ′i ⩽

√
3, the block

truncation scheme indicates that Kβγ
q ′q can be replaced by

K̃βγ
q ′q =

{
Kβγ
q ′q

0

|q−q ′|⩽ ri ′i,

otherwise.
(B1)
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