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The generation of continuous spectrum centered at 400 nm from solid thin plates is demonstrated in this work. A
continuum covering 365 nm to 445 nm is obtained when 125-µJ frequency-doubled Ti:sapphire laser pulses are applied
to six thin fused silica plates at 1-kHz repetition rate. The generalized nonlinear Schrödinger equation simplified for
forward propagation is solved numerically, the spectral broadening with the experimental parameters is simulated, and
good agreement between simulated result and experimental measurement is achieved. The variation of electron density in
the thin plate and the advantage of a low electron density in the spectral broadening process are discussed.

Keywords: nonlinear spectral broadening, time-dependent nonlinear Schrödinger equation, self-phase modu-
lation, electron density
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1. Introduction
Supercontinuum generation is a key to the produc-

tion of ultrashort femtosecond (1 fs = 10−15 s) laser pulses.
Nowadays, a state-of-the-art titanium-sapphire (Ti:sapphire)
chirped-pulse amplifier delivers pulses as short as 13 fs at
an 800-nm central wavelength, which still contains almost 5
cycles.[1] The mainstream technique of few-cycle pulse gener-
ation is to compress multi-cycle pulses from laser amplifiers
with inert-gas-filled hollow-core fibers[2,3] or multiple solid
thin plates,[4,5] which broaden the spectrum of the input pulses
by self-phase modulation (SPM),[6] and self-steepening.[7]

Spectra of more than one octave have been obtained experi-
mentally using hollow-core fibers and multiple thin plates, and
utilized to stabilize the carrier-envelope phase (CEP) of the
pulses.[8] Few-cycle laser pulses with CEP stabilized are an
ideal driver for producing isolated attosecond (1 as = 10−18 s)
pulses through high-order harmonic generation (HHG) in the
extreme ultraviolet (XUV) band,[9,10] which is an excellent
tool for studying dynamics in atoms and molecules with at-
tosecond time resolution.[11] In HHG, driving pulses with
shorter wavelengths have the potential to improve the effi-
ciency and obtain high-flux high-order harmonics and attosec-
ond pulses.[12]

Femtosecond pulses at 400 nm with a broad spectrum
are usually generated by two methods. The first method is

to directly double the frequency of a broadband 800-nm pulse,
but the output beam in such a scheme carries angular disper-
sion and broadband frequency doubling is usually challenging
and inefficient. The second method is to produce a relatively
narrow-band 400-nm femtosecond pulse followed by spectral
broadening to produce the desired broad spectrum at 400 nm.
Supercontinuum generation by a hollow-core fiber is a very
mature technic, while in recent years many groups have used
multiple solid thin plates to broaden the spectrum at different
wavelengths. Pulses shorter than 10 fs have been obtained at
400 nm, with a spectrum covering 365 nm to 425 nm at −20-
dB intensity level.[13,14] To this end, we investigate the gen-
eration of continuous spectrum centered at 400 nm from solid
thin plates experimentally and numerically. We calculate the
change of electron density in the medium to confirm the occur-
rence of the self-focusing process, and prove our experimental
process safely below the documented avalanche plasma den-
sity.

2. Simulation model

Here, we use the three-dimensional (3D) propagation
equation to simulate femtosecond laser pulses at 400 nm to
be spectrally broadened by multiple thin plates. The propa-
gation equation is a generalized time-dependent Schrödinger
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equation (TDSE)[15–18]
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Here, z is the propagation variable, t is the retarded time, and
U is the linearly-polarized electric field in the form of[15]

U (x,y,z, t) = A(x,y,z, t) e i(k0z−ω0t)+ c.c., (6)

with ω0 being the angular frequency of the carrier wave, k0

the wave vector, and c the speed of light in vacuum, I = |U |2

is the intensity of the optical field, T is an approximated dif-
ferential time operator, as given in Eq. (3), which plays an
important role in self-steepening and spatiotemporal coupling.
The first term of Eq. (1) is for diffraction. The operator ∇

describes the spatial change of the pulse during propagation.
The second term is for dispersion, and D is an operator ac-
counting for dispersions as shown in Eq. (4), where kn is the
corresponding dispersion coefficient. The third term refers to
the Kerr focusing effect, containing self-phase modulation and
self-steepening. Here we have omitted the Raman-delayed
nonlinear response, because the pulse width in our simula-
tion is shorter than the Raman-delayed nonlinear response
time which is on the order of hundreds of femtoseconds.[15]

The fourth term incarnates the nonlinearity caused by ioniza-
tion, where ρ is the ionized electron density in the medium,
ρc the critical plasma density, and the initial density of SiO2

molecules in fused silica ρnt = 2.1×1019 mm−3.[16] The fifth
term reflects the impact ionization, and the collision cross-
section σ is corresponding to a central frequency ω0. The
last term represents the multiphoton absorption.

Solving the generalized nonlinear Schrödinger equation
is an effective analytical method of solving the problem of
pulse propagation in the medium. However, the quantity of
data and time for 3D calculation are extremely large when
the spatial variation, dispersion, and nonlinear terms of the
pulse are calculated at the same time. We employ the split-step
Fourier algorithm and calculate the linear (diffraction and dis-
persion) and nonlinear (Kerr nonlinearity and plasma effect)
terms separately.

The basic principle of the application of the split-step
Fourier transform method in nonlinear propagation equations

is to convert high-order partial differential terms into fre-
quency domain and momentum domain through Fourier trans-
form to reduce the quantity of calculations. After the calcula-
tion is completed, the result is converted back into the space-
time domain by the inverse Fourier transform to perform op-
erations on the remaining regular terms or low-order partial
differential terms. The split-step Fourier algorithm calculates
the propagation of the pulse in the medium in sections. In
each segment, cyclically execution provides all the informa-
tion about the final time domain of the pulse. In particular, in
the calculation, we converted the terms containing high-order
partial differentials such as the diffraction term and the disper-
sion term into the frequency domain and momentum domain
for calculation, while other nonlinear terms are placed in the
space-time term for calculation.

Because the required nonlinear Schrödinger equation in-
cludes high-order partial differential calculations, and the non-
linear term is coupled with the parameters in pulse time do-
main, the propagation equation cannot be solved analytically,
but it can do numerically. The split-step Fourier method has
the advantages of fast calculation speed and high precision
when solving this kind of problem. The disadvantage is that
this method still requires significant computing power. If we
consider higher-order nonlinear processes, we need to add
more terms, which brings more difficulties to the calculation
process.

In this study, we ignore the response of the air, and
only calculate the pulse propagation in the solid material,
because outside the solid plates the spectral width is prac-
tically unchanged.[17] The ionization rate W (I) for silica is
taken from Keldysh’s multiphoton rate[16] as described in
Eq. (5). Fused silica, with which spectral broadening has
been observed in experiment, is chosen as the medium in
this study. The nonlinear refractive index n2 for fused sil-
ica is 2.52×10−16 cm2/W at 800 nm and 2.49×10−16 cm2/W
at 400 nm.[19] The ionization potential Ui is 9 eV for fused
silica,[16] the avalanche cross-section σ is 6×10−18 cm2, and
the recombination time τ rec is 27 fs.[15]

The input pulse is at a center wavelength of 400 nm, and
we use 100-µm-thick fused silica plates. The initial pulse
energy is taken to be 125 µJ. In the calculation, the initial
pulse envelope is the envelope after second harmonic genera-
tion (SHG), measured by transient grating frequency-resolved
optical gating[20] (TG-FROG) setup in the experiment.

3. Experiment
In the experiment, pulses of 5 mJ at 1 kHz, 790 nm

were emitted from a Ti:sapphire laser system. The transform-
limited pulse width was 35 fs but the pulse was actually mea-
sured to be 53 fs, which is due to the residual high-order chirp
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out of the laser compressor. The experimental setup is illus-
trated in Fig. 1. A portion of 600 µJ of the output pulse was re-
flected into the experiment by a beam splitter. A telescope was
employed to shrink the beam diameter, which was composed
of two lenses, a plano-convex lens with f = 300 mm and a
plano-concave one with f =−100 mm. The distance between
the two lenses was 200 mm. After the telescope, a 140-µm-
thick barium borate crystal (BBO) was used to generate the
second harmonic. The BBO was cut for type-I (o+o→ e)
phase matching (θ = 29.2◦, ϕ = 0◦). The polarization of sec-
ond harmonic was changed by type-I phase matching in BBO,
from p to s. The second harmonic pulses of 145 µJ at a cen-
ter wavelength of 395 nm were obtained after BBO, with a
beam radius of 2.5 mm. A set of climbing mirrors were used
to change the polarization back to p. One of the climbing mir-

rors was dichroic with high reflectance at 400 nm and high
transmission at 800 nm. One pair of chirped mirrors were used
to compress the second harmonic pulses to 64 fs with 125 µJ,
characterized by a homemade TG-FROG setup,[21] and the re-
sults are shown in Fig. 2.

Ti:sapphire

TG
FROG

beam splitter

telescope 
BBO

climbing mirrors

chirped  mirrors 

lens fused silica

concave mirror 

chirped  mirrors 

Fig. 1. Experimental setup for 400-nm continuum generation.
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and continuum (solid) after spectral broadening.

A 500-mm lens was used to focus the second harmonic
beam into a 120-µm spot at the focus, where the peak inten-
sity was 6.7× 1012 W/cm2. The beam propagated through
six thin fused silica plates each with a thickness of 100 µm,
placed near the focus. The first plate was 15 cm in front of the
focus, the distances from the plate in front for the remaining

five plates were 8 cm, 2 cm, 2 cm, 2 cm, and 1.5 cm, respec-
tively. The plates were placed at the Brewster’s angle (55.8◦)
to reduce loss. The beam out of the thin plates was collimated
by an f = 800 mm aluminium concave mirror. At this point, a
95-µJ continuum, covering 370 nm to 430 nm at −20-dB in-
tensity level, was achieved and the results are shown in Fig. 3.
After two pairs of chirped mirrors, the pulse energy was 78 µJ.
The spectrally broadened and compressed pulse was measured
with TG-FROG, and the width of the main peak in the pulse
envelop was 40 fs, the results are show in Fig. 4.

4. Results and discussion
It is clear from Fig. 4(c) that the spectrally broadened

pulse has a complex high-order chirp, resulting in a three-
peak envelope. The slope of the phase curve around 390 nm
is positive and the slope around 415 nm is negative. In the
time domain, two satellite pulses appear on both sides of the
center peak. As shown in Fig. 2(c), the phase of the inci-
dent pulse also has the same shape, and there are two satel-
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lite pulses in front and in back of the main peak, respectively.
The two satellite pulses of the incident pulse have low inten-
sity much weaker than the central peak. Therefore, the high-

order chirp of the spectrally broadened pulse as measured by
TG-FROG (Fig. 4), is most likely carried over from the input
pulse (Fig. 2).
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We use the 3D propagation equation (Eq. (1)) to simu-
late the broadening results of the 400-nm pulses. In the sim-
ulation, the initial envelope takes the form of the input SHG
pulse envelope directly measured by TG-FROG in the experi-
ment (Fig. 2). The simulation parameters are also the same as
those in the experiment. Figure 5 shows good agreement be-
tween simulated result and experimental measurement. As ob-
served in experimental result and simulation result, the spec-
tral broadening of 400-nm pulses is not so pronounced as
in the 800-nm experiment under similar experimental condi-
tions, which is maily due to the fact that self-steepening is
weak when the pulse is long. When a pulse of several hun-
dred femtoseconds is broadened in fiber[22] or multipass cells
(MPC),[23] only pure SPM and Raman effect take place, and
the spectral lines are broadened symmetrically on both sides
of the central wavelength, as obtained in the experiment.
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Fig. 5. Experimental (dashed) and simulated (solid) broadened spectra.

In Eq. (1), the collision ionization and multiphoton ion-
ization of the fifth and sixth terms reduce the pulse intensity I.

Excessive ionization leads to pulse splitting and loss of spec-
tral coherence. We place the fused silica away from the focus
to avoid being excessively ionized, but not too far away from
the focus to obtain as wide a spectrum as possible. In the ex-
periment, when we move the fused silica along the optical axis
close to the focus, the spectrum is broadened significantly but
with a decrease of power. This shows that the ionization at
the focus leads to strong broadening, resulting in a large loss
of laser energy. At the same time, when we focus the laser
directly in the air in the experiment, the spectrum broadening
is negligible. This means that the spectrum broadening origi-
nates from the nonlinear effect in fused silica.

As indicated in Eq. (1), the SPM and self-steepening
terms are proportional to intensity I, while the ionization term
W (I) is proportional to I6. Therefore, the ionization process
(thus free electron density in the medium) is more sensitive to
the intensity variation than the SPM and self-steepening. The
self-focusing threshold is 0.6 MW in fused silica at 400 nm.[24]

Under our experimental condition, self-focusing takes place in
each piece of silica. In the simulation, we calculate the change
of electron density as the beam propagates through each piece
of fused silica. Self-focusing leads the beam size to decrease
and the beam intensity to increase in the fused silica plates so
that the free electron density increases correspondingly.

The simulation result shows that the electron density in
the second to fifth pieces of silica increases significantly with
the beam propagation, which is provoked by self-focusing as
shown in Fig. 6. As the 400-nm pulse propagates through the
silica plates, self-focusing takes place whenever the beam en-
ters into the plate, therefore the spectrum is broadened. How-
ever, the focus of the self-focusing is formed outside the fused
silica, and as the beam propagates through the focus into the
divergence mode, it enters the next fused silica plate, where the
same process is repeated. Until the peak power density of the
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beam becomes insufficient to produce further spectral broad-
ening, at this point the process is over. This phenomenon has
been discussed from the experimental point of view in previ-
ous study,[17] and now we confirm it with numerical simula-
tion.

The result also show that the electron density reaches a
maximum value in the fourth piece of fused silica (Fig. 6),this
is consistent with the fact that the fourth piece is placed clos-
est to the beam focus and the laser intensity reaches the maxi-
mum value in the thin plates. The maximum electron density
is calculated to be 5×1015 mm−3, where the density of SiO2

molecules in fused silica is 2.1× 1019 mm−3, and the elec-
tron density is safely below the documented avalanche plasma
density of 2.1×1017 mm−3.[17,25] In the experiments, ioniza-
tion does not produce visible filaments in the thin plates in the
broadening process.
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Fig. 6. Electron density changes in each fused silica.

A large electron density and a large variation of the elec-
tron density during the propagation will affect the spectral
phase and wavefront of the pulse significantly. In our simu-
lation result, the electron density in the fused silica plates is at
a low level, well below the avalanche plasma density, and its
variation in each thin plate is also well within an order of mag-
nitude or even less. At the same time, low electron density also
results in the low loss of the laser energy and low modulation
of the phase. This indicates that the spectral broadening ob-
served after the beam has propagated through the fused silica
plates is induced mostly by phase modulation caused by Kerr
effect. It is important in spectral broadening experiments with
multiple thin plates to minimize the ionization and plasma ef-
fect to avoid energy loss and unexpected phase variation.

5. Conclusions and perspectives
In summary, we achieve spectrum broadening of pulses

with complex dispersion. We use 6 pieces of 100-µm-thick
fused silica for spectrum broadening at 400-nm central wave-
length, and obtain a spectrum covering a range from 365 nm to
445 nm. We employ a 3D propagation equation to simulate the
spectrum broadening process in multiple solid thin plates. The
numerical simulation results are in excellent agreement with
the experimental observations. Our calculations reproduce the

experimental process very well. We find experimentally that
the strong self-focusing occurs in the silica plates in the spec-
trum broadening process, and we use the change of electron
density to confirm this interesting process. The calculations
conduce to clearly describing the whole spectrum broadening
process in multiple thin plates. Finally, the calculation shows
that the electron density in the broadening process is always
safely below the documented avalanche plasma density, and
confirms that the ionization or plasma effect does not play a
major role in the spectral broadening process.
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