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Universality of the dynamic characteristic relationship between the characteristic time 𝑡c and the two-electron
Coulomb interaction energy 𝑉 12 of the ground state in the two-photon double ionization process is investigated via
changing the parameters of the two-electron atomic system and the corresponding laser conditions. The numerical
results show that the product 𝑡c𝑉 12 keeps constant around 4.1 in the cases of changing the nucleus charge, the
electron charge, the electron mass, and changing simultaneously the nucleus charge and the electron charge. These
results demonstrate that the dynamic characteristic relationship in the two-photon double ionization process is
universal. This work sheds more light on the dynamic characteristic relationship in ultrafast processes and may
find its application in measurements of attosecond pulses.
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Electron correlation plays an important role in dy-
namic processes for a many-body system,[1−11] where
the time-dependent characteristic of the electron cor-
relation is hard to be identified because of its at-
tosecond timescale. Until recently, with the devel-
opment of ultrafast laser technology and attosecond
high-harmonic pulses, the investigation of the elec-
tron correlation in ultrafast dynamic processes be-
comes accessible in experiments. For example, the
relative photo-emission timing is measured by pump-
probe experiments,[6] the electron correlation effects in
the ionization processes of D2 molecules have been un-
covered successfully by combining ultrafast and syn-
chrotron XUV sources with electron-ion 3D coinci-
dence imaging techniques.[8] These experimental tech-
niques may be applied to strictly test some fundamen-
tal theoretical predictions.

A helium-like system is one of the simplest few-
body systems, which provides a benchmark system for
the study of the time characteristics of the electron
correlation effects in many-body dynamic processes.
As mentioned by Hu,[7] the electron correlation for the
ground state of helium-like atoms becomes stronger
with the increase of the nuclear charge. Therefore, one
expects that the dynamic process will also change for

differently correlated electron systems. Hence, there
appears an interesting question: Is there any general
characteristics of the electron correlation which may
be hold even if the parameters of the system changes?
In this work, we demonstrate that the dynamic char-
acteristic relationship between the electron correlation
and the characteristic time of the two-photon double
ionization (TPDI) process of a two-electron system
is valid for various helium-like systems, e.g., Li+ and
Be2+ ions. These results consolidate the universality
of the dynamic characteristic relationship obtained in
our previous work,[12] which can be regarded as a gen-
eral dynamic characteristic relationship in the atomic
ionization processes.

We investigate the TPDI of the helium-like ion
system by numerically solving the time-dependent
Schrödinger equation (TDSE). In general, the field-
free three-particle Schrödinger equation can be writ-
ten as(︁
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where𝑀 is the nucleus mass, 𝑚 is the electron mass, ~
is the reduced Planck constant, 𝑍 is the atomic num-
ber, 𝑒 is the elementary charge, 𝑅0 is the position
vector of the nucleus, 𝑅1 and 𝑅2 are the position
vectors of the two electrons, respectively, and 𝐸NR is
the non-relativistic energy. On making the standard
transformation to the scaled center-of-mass coordinate
system,[13] Eq. (1) is reduced to the dimensionless form

𝐻0𝛹𝑛(𝑟1, 𝑟2) = 𝐸𝑛𝛹𝑛(𝑟1, 𝑟2), (2)

with

𝐻0 =

[︂
− 1

2𝛾
∇2

𝑟1−
1

2𝛾
∇2

𝑟2−
𝑍𝜉

𝑟1
−𝑍𝜉

𝑟2
+

𝜉2

|𝑟1−𝑟2|

]︂
, (3)

where 𝛾 and 𝜉 are the parameters of the helium-like
system, with (1) 𝛾 = 1 and 𝜉 = 1 for the case that only
the nucleus charge 𝑍𝑒 changes, including 𝑍 = 3 for
Li+ ion and 𝑍 = 4 for Be2+ ion; (2) 𝛾 = 1 and 𝜉 = 𝑏
for the case that the electron charge changes from −𝑒
into −𝑏𝑒; (3) 𝛾 = 𝑛 and 𝜉 = 1 for the case that the
mass of the electron changes from 𝑚 into 𝑛𝑚. Then
the eigenenergy 𝐸𝑛 can be expressed as 𝐸𝑛 = 𝐸NR/𝐸s

in the case of ignoring the movement of the center of
mass, where, in the dimensionless process, 𝐸s = 𝑒2/𝑎𝜇
is the unit of energy and 𝑎𝜇 = ~2/𝜇𝑒2 is the unit of
length with the reduced mass 𝜇 = 𝑀𝑚/(𝑀+𝑚) ≈ 𝑚.
The field-free Schrödinger equation (2) can be solved
through the variational method, and 𝛹𝑛(𝑟1, 𝑟2) can be
obtained by selecting an appropriate trial wave func-
tion, which can be expressed by B-spline functions as
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where 𝑃12 is the permutation operator between elec-
trons 1 and 2, 𝐵𝑘

𝑖𝛼
(𝑟1) and 𝐵𝑘

𝑖𝛽
(𝑟2) are two B-spline

functions of order 𝑘,[14,15] ⟨𝑙𝛼𝑚𝛼𝑙𝛽𝑚𝛽 |𝐿𝑀⟩ is the
Clebsch–Gordan coefficient, 𝑌 𝑚𝛼
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𝑙𝛽
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are the two spherical harmonics, and 𝑆, 𝐿, and 𝑀 are,
respectively, the total spin of the two electrons, the to-
tal orbital angular momentum, and its 𝑧-component.

Once the field-free 𝐻0 eigenfunction 𝛹𝑛(𝑟1, 𝑟2)
is determined, the interaction between the helium-
like system and ultrashort laser pulse can be
solved. In the dipole approximation and the gauge
transformation,[16] the TDSE reduces to

𝑖~
𝜕

𝜕𝑡
𝛷(𝑟1, 𝑟2, 𝑡) = [𝐻0 +𝐻int(𝑡)]𝛷(𝑟1, 𝑟2, 𝑡), (5)

where

𝐻int(𝑡) = 𝜉𝑒𝐸(𝑡) · (𝑟1 + 𝑟2), (6)

and 𝐸(𝑡) is the electric field of laser pulse. In our sim-
ulation, the vector potential of laser pulse is expressed
as

𝐴(𝑡) = −𝐴0𝑒
−(2 ln 2)(𝑡−𝑡c)

2/𝜏2

sin(𝜔𝑡)𝑒𝑧, (7)

and the corresponding electric field can be expressed
as

𝐸(𝑡) =𝐸0𝑒
−(2 ln 2)(𝑡−𝑡c)

2/𝜏2

cos(𝜔𝑡)𝑒𝑧

− (4 ln 2)𝐸0(𝑡− 𝑡c)

· 𝑒−(2 ln 2)(𝑡−𝑡c)
2/𝜏2

sin(𝜔𝑡)/(𝜔𝜏2)𝑒𝑧, (8)

where 𝐸0 = 𝐴0𝜔 is the electric-field amplitude, 𝑡c is
the position of the laser pulse center on the time-axis,
𝜏 is the full width at half maximum (FWHM), 𝜔 is the
central frequency of the laser pulse, and 𝑒𝑧 is the unit
vector of the polarization direction of the laser pulse.
Specially, when the electron charge changes from −𝑒
into −𝑏𝑒, Eq. (6) becomes

𝐻int(𝑡) = 𝑏𝑒𝐸(𝑡) · (𝑟1 + 𝑟2). (9)

The time-dependent wave function 𝛷(𝑟1, 𝑟2, 𝑡) can
be expanded in terms of the field-free 𝐻0 eigenfunc-
tions 𝛹𝑛(𝑟1, 𝑟2). By substituting the expanded expres-
sion of 𝛷(𝑟1, 𝑟2, 𝑡) into Eq. (5), one can obtain a set of
coupled differential equations, which can be solved by
the Adams method.[17] Once the time-dependent wave
function 𝛹(𝑟1, 𝑟2, 𝑡) is determined, the probability dis-
tribution at the time 𝑡f for the two ionized electrons
escaped with momenta 𝑘1 and 𝑘2 is obtained accord-
ing to

𝑃 (𝑘1,𝑘2) = |⟨𝜓𝑘1,𝑘2
(𝑟1, 𝑟2)|𝛷(𝑟1, 𝑟2, 𝑡f)⟩|2, (10)

where 𝜓𝑘1,𝑘2(𝑟1, 𝑟2) is the wave function of the un-
correlated double continuum state, which can be ex-
pressed as a symmetrized product of two independent-
particle Coulomb wave functions.[18] Therefore, the
energy distribution of two ionized electrons can be ex-
pressed as

𝑃 (𝐸1, 𝐸2) =

∫︁∫︁
𝑘1𝑘2𝑃 (𝑘1,𝑘2)𝑑𝑘̂1𝑑𝑘̂2, (11)

where 𝐸1 = 𝑘21/2 and 𝐸2 = 𝑘22/2 are the energies of
the two ionized electrons. Especially, one may know
that the differential equations of the Coulomb wave
function of the hydrogen-like system, caused by the
changing of the nucleus charge, the electron charge or
the electron mass, having the same form. However,
the field-free two-electron wave function 𝛹𝑛(𝑟1, 𝑟2)
does not have such a property. In other words,
the changes of field-free two-electron wave function
𝛹𝑛(𝑟1, 𝑟2) caused by changing the nucleus charge, the
electron charge, or the electron mass are independent
of each other.
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The universality of the dynamic characteristic re-
lationship in the TPDI process can ensure its broad
applicability in various correlated systems. Thus var-
ious independent correlated systems can be selected
as testing samples of the universality of the dynamic
characteristic relationship. The correlated system
consisting of a nucleus and two electrons has the in-
herent properties such as mass and charge. When

the mass or charge of a particle is changed, the
whole three-body correlated system is changed accord-
ingly, and these changes are independent as mentioned
above. Therefore, it is reasonable to explore the uni-
versality of the dynamic characteristic relationship in
the TPDI process by changing these properties of the
correlated systems separately.
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Fig. 1. Energy distribution of two escaped electrons of (a)–(c) helium atom, (d)–(f) Li+ ion, (g)–(i) Be2+ ion
exposed to different laser pulse. The laser pulse has a Gaussian envelope around the peak intensity of 1×1014 W/cm2.
The center photon energy is 2.4 a.u. for helium atom, 5.0 a.u. for Li+ ion and 9.5 a.u. for Be2+ ion. The FWHM is
90 as, 130 as, 320 as for helium atom, 50 as, 80 as, 200 as for Li+ ion, and 30 as, 60 as, 140 as for Li+ ion. The colors
bars are in units of 10−6 for helium atom, 10−10 for Li+ ion and Be2+ ion.
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Fig. 2. The ratio 𝜂 varies with the FWHM of the laser
pulse. The laser pulse has a Gaussian envelope around
the peak intensity of 1× 1014 W/cm2. The center photon
energy is 2.4 a.u. for helium atom, 5.0 a.u. for Li+ ion and
9.5 a.u. for Be2+ ion.

We first investigate the TPDI process of helium
atom, Li+ and Be2+ ions to further understand the

characteristic time. Figure 1 shows the energy dis-
tributions of two ionized electrons for helium atom
[(a)–(c)], Li+ [(d)–(f)] and Be2+ ions [(g)–(i)], where
the energy distribution in the TPDI process changes
from one peak into two peaks as the laser pulse du-
ration increases. Hence, we may define a ratio 𝜂 =
𝑃mid/𝑃max,[12] where 𝑃max is the maximum value of
the ionization probability in energy space with its co-
ordinates [𝐸1(𝑃max), 𝐸2(𝑃max)], and 𝑃mid is the prob-
ability at the intersection of lines 𝐸1 + 𝐸2 = 𝐸t and
𝐸1 = 𝐸2, with 𝐸1 and 𝐸2 being the energies of the
two electrons and 𝐸t = 𝐸1(𝑃max) + 𝐸2(𝑃max). Fig-
ure 2 presents the ratio 𝜂 as a function of pulse du-
ration with the laser intensity of 1 × 1014 W/cm2 for
helium, Li+ and Be2+ ions. Based on our previous
work,[12] we define 𝑡c as the characteristic time in the
two-photon double ionization process, where it is ex-
pressed as pulse duration for the turning point of the
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energy distribution of two ionized electrons from one
peak to two peaks, hence the value of 𝑡c is evaluated
based on the pulse duration for the turning point of
the ratio 𝜂 from 𝜂 = 1 to 𝜂 < 1. More specifically,
as shown in Fig. 2, the characteristic time 𝑡c is about
105 as, 65 as and 46 as for helium, Li+ and Be2+ ion,
respectively. When the pulse duration is less than 𝑡c,
the ratio 𝜂 equals 1, which indicates that two ion-
ized electrons carry mainly equal energy. In contrast,
when the pulse duration is greater than 𝑡c, the ra-
tio 𝜂 is less than 1 and gradually tends to a constant
with the increase of the pulse duration, which means
that two ionized electrons carry mainly unequal en-
ergy. In order to understand the phenomenon that
this ratio tends to a constant, we define the energy
difference ∆𝐸 for two ionized electrons that possess
the maximum ionization probability in the TPDI pro-
cess. Figure 3 shows the energy difference ∆𝐸 as a
function of pulse duration with the laser intensity of
1 × 1014 W/cm2 for helium, Li+ and Be2+ ions. By
comparing Figs. 2 and 3, we may find that, as the pulse
duration increases further, the energy difference ∆𝐸
tends to be the energy difference of |𝐼p2 − 𝐼p1| when
the ratio 𝜂 tends to a constant, where 𝐼p1 and 𝐼p2 are
the first and second ionization energies of the atom or
the ions, respectively. It is known that in the sequen-
tial TPDI process the energies carried by two ionized
electrons are 𝐸1 = 𝜔 − 𝐼p1 and 𝐸2 = 𝜔 − 𝐼p2, re-
spectively. Hence the energy difference of two ionized
electrons, ∆𝐸 = 𝐸1 − 𝐸2 = |𝐼p2 − 𝐼p1|, can be re-
garded as a sign of the sequence TPDI in turn based
on previous works.[1,3,19] Therefore, the pulse duration
for the ratio tending to a constant can be regarded as

the intrinsic maximum time delay[3] between the two
ionization events, which can lead to a specific combi-
nation of final energies of the ejected electrons, i.e.,
𝐸1 = 𝜔 − 𝐼p1 and 𝐸2 = 𝜔 − 𝐼p2. Moreover, it should
be emphasized that the characteristic time we defined
here is different from the maximum time delay, which
is defined in Ref. [3] and our characteristic time is the
minimum duration of the laser pulse where the ejected
electrons may carry different energies at the end of the
laser pulse, rather than the pulse duration that iden-
tifies the nonsequential ionization mechanisms. In ad-
dition, we find that the curves of ratio 𝜂 and energy
difference ∆𝐸 remain unchanged as the laser intensity
decreases from 1× 1014 W/cm−2 to 1× 1013 W/cm−2

and 1 × 1012 W/cm−2.
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Fig. 3. The energy difference Δ𝐸 versus the FWHM of
the laser pulse. The laser pulse has a Gaussian envelope
around the peak intensity of 1 × 1014 W/cm2. The cen-
ter photon energy is 2.4 a.u. for helium atom, 5.0 a.u. for
Li+ ion and 9.5 a.u. for Be2+ ion. The horizontal lines
represent the energy difference Δ𝐸 = |𝐼p2 − 𝐼p1|.

Table 1. The parameters for the case of the change of the nucleus charge. The nucleus charge 𝑄c, the ground
state energy 𝐸1S, the two-electron Coulomb interaction energy 𝑉 12, the second ionization energy 𝐼p2, the central
frequency 𝜔, and the characteristic time 𝑡c obtained by the time-dependent Schrödinger equation.

𝑄c 𝐸1S (a.u.) 𝑉 12 (a.u.) 𝐼p2 (a.u.) 𝜔 (a.u.) 𝑡c (as) 𝑡c (a.u.) 𝑉 12 × 𝑡c

1.5𝑒 −1.465 0.636 1.125 1.3 158 6.529 4.152
1.732𝑒 −2.070 0.780 1.5 1.8 127 5.248 4.093

2𝑒 −2.903 0.947 2 2.4 105 4.339 4.109
2.236𝑒 −3.755 1.094 2.5 3 91 3.760 4.114
2.45𝑒 −4.624 1.227 3 3.4 81 3.347 4.107
2.5𝑒 −4.811 1.258 3.125 3.6 79 3.264 4.107
2.8𝑒 −6.244 1.445 3.92 4.7 70 2.893 4.180
3𝑒 −7.28 1.568 4.5 5 65 2.686 4.212
4𝑒 −13.654 2.193 8 9.5 46 1.901 4.196

We then investigate the change of the characteris-
tic time by changing the charges of the nucleus and
the electron separately. Table 1 presents the cor-
responding parameters of the helium-like system as
the nucleus charge increases from 1.5𝑒 to 4𝑒. The
ground-state energy 𝐸1S, the second ionization energy
𝐼p2 and the central frequency of the laser pulse are
presented in Table 1, where the central frequency of
the laser pulse, 𝜔, is chosen to be greater than the

second ionization energy and less than the ground-
state energy. As mentioned in our previous work,[12]

𝑉 12 = ⟨𝛹1S(𝑟1, 𝑟2)|1/|𝑟1 − 𝑟2||𝛹1S(𝑟1, 𝑟2)⟩ is defined
as the two-electron Coulomb interaction energy of the
ground state, where 𝛹1S(𝑟1, 𝑟2) is the wave function of
the ground state. As shown in Table 1, the Coulomb
interaction energy of the ground state 𝑉 12 increases
from 0.636 a.u. to 2.193 a.u., and the corresponding
characteristic time 𝑡c of the TPDI process decreases
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from 6.529 a.u. to 1.901 a.u., i.e., from 158 as to 46 as.
These results can be understood directly as follows: as
the charge of the nucleus increases, the two electrons
are closer to each other, hence the Coulomb interac-
tion energy increases, and the electron correlation be-
comes stronger. On the other hand, the characteristic
time decreases drastically with the increase of the nu-
cleus charge. The interesting result is that the prod-
uct of the Coulomb interaction energy of the ground
state and the characteristic time of the TPDI process
for the systems with different nucleus charges almost
keeps constant around 4.1.

The change of the charge and mass of electron to
test the universality of the dynamic characteristic re-
lationship can be understood from the perspective of
the equivalent quality and charge,[20,21] although they
are fundamental physical constants. Table 2 presents
the values of the characteristic time and the Coulomb
interaction energy of the ground state for the case that
the electron charge is changed from −0.6𝑒 to −1.3𝑒.
It shows that the Coulomb interaction energy of the

ground state increases from 0.230 a.u. to 1.884 a.u.
with the increase of the absolute value of the elec-
tron charge, and the corresponding characteristic time
of the TPDI process decreases from 18.347 a.u. to
2.190 a.u., i.e., from 444 as to 53 as. However, it is
found that the product of the Coulomb interaction
energy of the ground state and the characteristic time
of the TPDI process also keeps constant around 4.1.
Table 3 shows the values of the characteristic time and
the Coulomb interaction energy as the nucleus charge
increases from 1.4𝑒 to 2.4𝑒 and the electron charge
changes from −0.7𝑒 to −1.2𝑒 simultaneously. Table 3
illustrates that although the Coulomb interaction en-
ergy of the ground state increases from 0.227 a.u. to
1.964 a.u. and the characteristic time of the TPDI pro-
cess decreases from 18.058 a.u. to 2.066 a.u., i.e., from
437 as to 50 as, the product of the Coulomb interac-
tion energy of the ground state and the characteristic
time of the TPDI process once again almost remains
constant around 4.1.

Table 2. The parameters for the case of changing electron charge, i.e., the electron charge 𝑄e, the ground state
energy 𝐸1S, the two-electron Coulomb interaction energy 𝑉 12, the second ionization energy 𝐼p2, the central frequency
𝜔, and the characteristic time 𝑡c obtained by the time-dependent Schrödinger equation.

𝑄e 𝐸1S (a.u.) 𝑉 12 (a.u.) 𝐼p2 (a.u.) 𝜔 (a.u.) 𝑡c (as) 𝑡c (a.u.) 𝑉 12 × 𝑡c

−0.6𝑒 −1.190 0.230 0.72 0.8 444 18.347 4.220
−0.7𝑒 −1.568 0.355 0.98 1.2 284 11.736 4.166
−0.8𝑒 −1.983 0.515 1.28 1.8 196 8.099 4.171
−0.9𝑒 −2.429 0.712 1.62 2.1 140 5.785 4.119

𝑒 −2.903 0.947 2 2.4 105 4.339 4.109
−1.1𝑒 −3.400 1.221 2.42 3 81 3.347 4.087
−1.2𝑒 −3.916 1.533 2.88 3.5 64 2.645 4.054
−1.3𝑒 −4.448 1.884 3.38 4 53 2.190 4.126

Table 3. The parameters for the case of changing nucleus charge and electron charge, i.e., the nucleus charge
𝑄c, the electron charge 𝑄e, the ground state energy 𝐸1S, the two-electron Coulomb interaction energy 𝑉 12, the
second ionization energy 𝐼p2, the central frequency 𝜔, and the characteristic time 𝑡c obtained by the time-dependent
Schrödinger equation.

𝑄c 𝑄e 𝐸1S (a.u.) 𝑉 12 (a.u.) 𝐼p2 (a.u.) 𝜔 (a.u.) 𝑡c (as) 𝑡c (a.u.) 𝑉 12 × 𝑡c

1.4𝑒 −0.7𝑒 −0.697 0.227 0.480 0.52 437 18.058 4.099
1.6𝑒 −0.8𝑒 −1.189 0.388 0.819 1.0 256 10.579 4.104
1.8𝑒 −0.9𝑒 −1.905 0.621 1.312 1.6 159 6.570 4.080
2𝑒 −𝑒 −2.903 0.947 2 2.4 105 4.339 4.109

2.2𝑒 −1.1𝑒 −4.250 1.386 2.928 3.6 71 2.934 4.066
2.4𝑒 −1.2𝑒 −6.019 1.964 4.147 5 50 2.066 4.058

Table 4. The parameters for the case of changing electron mass, i.e., the electron mass 𝑚e, the ground state energy
𝐸1S, the two-electron Coulomb interaction energy 𝑉 12, the second ionization energy 𝐼p2, the central frequency 𝜔,
and the characteristic time 𝑡c obtained by the time-dependent Schrödinger equation.

𝑚e 𝐸1S (a.u.) 𝑉 12 (a.u.) 𝐼p2 (a.u.) 𝜔 (a.u.) 𝑡c (as) 𝑡c (a.u.) 𝑉 12 × 𝑡c

0.4𝑚 −1.161 0.379 0.8 0.95 262 10.826 4.103
0.6𝑚 −1.742 0.568 1.2 1.3 174 7.190 4.084
0.8𝑚 −2.322 0.758 1.6 1.7 129 5.331 4.041
𝑚 −2.903 0.947 2 2.4 105 4.339 4.109

1.2𝑚 −3.483 1.136 2.4 3 86 3.554 4.037
1.4𝑚 −4.064 1.326 2.8 3.4 75 3.099 4.110
1.6𝑚 −4.644 1.515 3.2 4.2 65 2.686 4.069
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We finally study how the product of the charac-
teristic time of the TPDI process and the Coulomb
interaction energy of the ground state changes when
the electron mass are changed. Table 4 shows that as
the electron mass increases from 0.4𝑚 to 1.6𝑚, the
Coulomb interaction energy of the ground state in-
creases from 0.379 a.u. to 1.515 a.u., the characteristic
time of the TPDI process decreases from 10.826 a.u. to
2.686 a.u., i.e., from 262 as to 65 as, and also the prod-
uct of the Coulomb interaction energy of the ground
state and the characteristic time of the TPDI process
almost remains constant around 4.1.
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Fig. 4. The characteristic time of the TPDI varies with
the Coulomb interaction energy and the Coulomb inter-
action energy varies with the spectral width for differ-
ent cases: (1) the open circles represent the change of
the nucleus charge; (2) the open diamonds represent the
change of the electron charge; (3) the open pentagons rep-
resent the simultaneous change of the nucleus and elec-
tron charge; (4) the open triangles represent the change
of the electron mass. The solid line is the fitting curve for
the data points. The laser pulse has a Gaussian envelope
around the peak intensity of 1× 1014 W/cm2.

Figure 4(a) shows that the characteristic time of
the TPDI process varies with the Coulomb interac-
tion energy of the ground state for the cases: (1) the
change of the nucleus charge, (2) the change of the
electron charge, (3) the simultaneous change of the
nucleus and the electron charge, and (4) the change
of the electron mass. We can find that the charac-
teristic time 𝑡c of the TPDI process is inversely pro-
portional to the Coulomb interaction energy 𝑉 12 of
the ground state, i.e., there is a dynamic character-
istic relationship 𝑡c𝑉 12 ≈ 4.1 in the TPDI process.
We can also see that the dynamic characteristic rela-
tionship is true in the correlated systems mentioned
above from another perspective, in other words, the
dynamic characteristic relationship in the TPDI pro-
cess is universal. Moreover, inspired by the relation-
ship 𝛿𝜔𝜏 = 4

√
2 ln 2 between the spectral width (full

width at half maximum in the frequency domain) 𝛿𝜔
and the pulse duration 𝜏 of the Gaussian pulse, we
replace the characteristic time 𝑡c with 4

√
2 ln 2/𝛿𝜔c

in the dynamic characteristic relationship, and obtain
the relationship between the Coulomb interaction en-
ergy 𝑉 12 of the ground state and spectral width 𝛿𝜔c

is 𝑉 12/𝛿𝜔c = 1.05 as shown in Fig. 4(b), where the
parameter of 1.05 is a dimensionless quantity.

In conclusion, we have investigated the TPDI pro-
cess of the various helium-like three-body correlated
systems by numerically solving the time-dependent
Schrödinger equation. It is found that the dynamic
characteristic relationship 𝑡c𝑉 12 ≈ 4.1 in the TPDI
process is universal. We also illustrate that the char-
acteristic time defined here is clearly different from
the time delay in Ref. [3], and the dynamic relation-
ship may help us to understand the ultrafast TPDI
processes more deeply.

We thank all the members of SFAMP club for help-
ful discussions.
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