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We propose a theoretical method called the broadband nonlinear coupled wave theory (BNCWT)
to evaluate the second harmonic generation (SHG) process of ultrashort laser pulse transporting in
nonlinear media. Because of the broadband nature of the pulse laser, all the relevant second-order
nonlinear interactions for different frequency components are considered in the analysis and simulation, including sum-frequency generation (SFG) and SHG. The SHG of an ultrashort pulse can be
regarded as a series of self-SFG and self-SHG processes for different frequency components, and
their mutual coupling. The solution of the problem traces back to the solution of a set of nonlinear
coupled wave equations satisfied by all frequency components involved within the laser pulse.
Numerical simulations show great consistency with experimental results, indicating that the proposed BNCWT is instructive and efficient and can have great practical value for experimental
prediction. Published by AIP Publishing. https://doi.org/10.1063/1.4998499

I. INTRODUCTION

Optical second harmonic generation (SHG) and other
nonlinear optical processes such as sum-frequency generation
(SFG) and difference-frequency generation (DFG) contribute
several of the most important mechanisms in obtaining efficient nonlinear frequency conversion of lasers and have been
widely employed to serve practical needs in optics and laser
sciences. In these processes, the birefringent phase matching
(BPM) scheme and quasi-phase-matching (QPM) scheme
have been used to maintain the match of relative phase,1 so
that efficient energy transfer among the interacting waves
could occur. In recent years, along with the rapid development of ultrafast laser technologies, many innovative works
have been done, such as the synthesis and time-resolved
measurement of ultrashort pulse2–5 and the generation of
supercontinuum laser.6,7 In order to gain full understanding
of the underlying physics and to reach higher energy conversion efficiency, a theoretical approach enabling thorough
analysis of nonlinear interaction of ultrashort pulse is highly
desirable.
In the early 1960s, Armstrong et al. published the earliest
theoretical work.1 The interaction between light and nonlinear
material can be routinely described by nonlinear coupled wave
equations. Efficient energy transfer is expected to occur when
the phase matching condition is satisfied. Several numerical
methods have been established and applied to simulate secondorder nonlinear interactions, including the split-step method,8,9
Fourier-space method,10–13 and effective nonlinear susceptibility model.14–18 However, when the incident light is the ultrashort laser pulse, the involved electrical fields cannot be
described as a monochromatic field; thus, the previous numerical methods no longer hold.9,15,16
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In this work, we present an innovative theoretical
method called the broadband nonlinear coupled wave theory
(BNCWT) to simulate second-order nonlinear interactions of
ultrashort pulse laser in nonlinear media. As an ultrashort
laser pulse always involves a broadband spectrum of frequency component, in order to give a comprehensive description of the nonlinear interactions, all relevant contributing
nonlinear processes for these frequency components need to
be considered in the numerical simulation. This renders the
solution of a series of nonlinear coupled wave equations.
The spectral evolution and the conversion efficiency can be
obtained. As a demonstrating example, the method has been
applied to evaluate the SHG process in a 1 mm-thick b-barium borate (b-BBO) pumped by a 1 mJ 40 fs Ti:sapphire
regenerative amplifier. Favorable consistency between the
numerical simulations and experimental results is found. The
basic principle of the numerical method gives a more comprehensive understanding that even the simplest nonlinear
interaction as SHG of pulse laser should be regarded as a
combined effect of a chain of many second-order nonlinear
interacting processes including SHG and SFG taking place
simultaneously within the nonlinear medium. The proposed
BNCWT can be of great practical value for precise experimental prediction and optimization.
II. THEORETICAL MODEL AND FORMALISMS

The wave equations that describe optical wave propagation and interaction in a general medium is
r2 Eðr; tÞ ¼ l0 e0

@ 2 Eðr; tÞ
@ 2 Pðr; tÞ
þ l0
;
2
@t
@t2

(1)

which is derived from Maxwell’s equations. When the incident wave is an ultrashort laser pulse, the incident electric
field E(r, t) can be decomposed by Fourier transform
122, 243105-1
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þ1
ð

Eðr; tÞ ¼

ð2Þ

Eðx; rÞeixt dx;

PNL ðr; tÞ ¼ e0

(2)

x1

which involves multiple frequency components. The electric
polarization P(r, t) involves both the linear polarization and
nonlinear polarization and can be written as
ð2Þ

(3)
(4)

1
ð2Þ
PNL ðr; tÞ

¼ e0

ð þ1

ð þ1
dx1

1

Eðx; rÞe

Dx ¼

X

l0 e0

Eeff ðx; rÞe

¼ e0

x

v ðxÞEeff ðx; rÞe

ixt

(9)

;

Considering each frequency component, we have
r2 Eeff ðxÞ ¼ x2 Eeff ðxÞ  l0 e0 x2 vð1Þ ðxÞEeff ðxÞ
¼ l0 e0 x2 eðxÞEeff ðxÞ;

(10)

where eðxÞ ¼ 1 þ vð1Þ ðxÞ is the dielectric constant. Note
that the solution for Eq. (10) follows the form
Eeff ðx; rÞ ¼ aðxÞEeff ðxÞeikðxÞz :
Here, aðxÞ is the unit vector of electric field polarization and
Eeff ðxÞ is the amplitude. Substituting the above term of solution into Eq. (10), we have
@ 2 Eeff ðxÞ ikðxÞz
@Eeff ðxÞ ikðxÞz
e
þ 2ikðxÞ
e
2
@z
@z
 k2 ðxÞEeff ðxÞeikðxÞz ¼ l0 e0 x2 eðxÞEeff ðxÞeikðxÞz : (11)
Considering the slowly varying amplitude approximation,
Eq. (11) becomes
2ikðxÞ

@Eeff ðxÞ
 k2 ðxÞEeff ðxÞ ¼ l0 e0 x2 eðxÞEeff ðxÞ:
@z
(12)

If the medium has no loss, the corresponding electric field
does not vary with distance z, namely, @Eeff ðxÞ=@z ¼ 0, so
we have
k2 ðxÞaðxÞ þ l0 e0 x2 eðxÞaðxÞ ¼ 0:

:

(6)

x

l0 e0

x
X

vð2Þ ðx1 ; x2 Þ

: Eeff ðx1 ; rÞ
(7)

(13)

This is just the dispersion relation x  k of each monochromatic wave.
In the next step, we consider the situation with the nonð2Þ
linear polarization PNL . We substitute Eqs. (6), (7), and (8)
into Eq. (1) and find
X
X
r2 Eeff ðx; rÞeixt ¼ l0 e0
eðxÞx2 Eeff ðx; rÞeixt

x1

x

ð1Þ

x2 vð1Þ ðxÞEeff ðx; rÞeixt :

x

vð1Þ ðxÞEðx; rÞeixt Dx

X

x
X

(5)

ixt

(8)

To see how we handle the pulse propagation, we first
ð2Þ
consider the situation without nonlinear polarization (PNL
¼ 0). By substituting Eqs. (6) and (7) into Eq. (1), we find
X
X
r2 Eeff ðx; rÞeixt ¼ l0 e0
x2 Eeff ðx; rÞeixt

1

ixt

X

: Eeff ðx1 ; rÞEeff ðx2 ; rÞeiðx1 þx2 Þt :

dx2 v ðx1 ; x2 Þ

Here, Eeff(x,r) ¼ E(x,r)Dx, which can be regarded as
the effective field amplitude for a monochromatic wave centered at x. In this way, the corresponding pulse can be
described by such a type of light comb. We also assume that
Eqs. (4) and (5) follow the same discrete rule as dx ¼ dx1
¼ dx2 ¼ Dx. As a result, the linear polarization and nonlinear polarization can be unified as the following forms:
Pð1Þ ðr; tÞ ¼ e0

x2

x

where E(x, r), the position dependent electric field, represents the amplitude of the monochromatic wave at the angular frequency x. Overall the function E(x, r) describes the
frequency spectrum of the pulse laser. vð2Þ ðx1 ; x2 Þ is the
second-order nonlinear susceptibility tensor. Higher-order
terms are neglected in our analysis here.
As shown in Eq. (2), an ultrashort laser pulse involves a
series of frequency components. When the duration of the
ultrashort pulse is down to tens of femtosecond, the corresponding frequency spectrum has tens of nanometer bandwidth. It can no longer be described by a monochromatic
electric field. When such a laser pulse with high intensity
transports in a nonlinear medium, even for a simple SHG
process, multiple nonlinear processes other than SHG could
take place simultaneously and all these nonlinear interactions
must be taken into account in order to fully evaluate the
physics of SHG. This of course will lead to much increasing
complexity against conventional SHG for monochromatic
optical waves. However, complexity is necessary for yielding a correct and accurate evaluation of the physical problem
of pulse laser nonlinear optics.
In order to solve the above equations, we regard the
pulse spectrum as a series of discrete frequency components,
which look like a series of light comb with corresponding
bandwidth Dx. Then, the continuous Fourier transform of
Eq. (2) reduces to discrete Fourier series
Eðr; tÞ ¼

x1

ð2Þ

: Eðx1 ; rÞEðx2 ; rÞeiðx1 þx2 Þt ;

X

vð2Þ ðx1 ; x2 Þ

x2

: Eðx1 ; rÞDxEðx2 ; rÞDxeiðx1 þx2 Þt
XX
¼ e0
vð2Þ ðx1 ; x2 Þ

1

Pðr; tÞ ¼ Pð1Þ ðr; tÞ þ PNL ðr; tÞ þ    ;
ð þ1
Pð1Þ ðr; tÞ ¼ e0
vð1Þ ðxÞEðx; rÞeixt dx;

XX

X

Eeff ðx2 ; rÞ

x2

 ðx1 þ x2 Þ2 eiðx1 þx2 Þt :

(14)
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For each corresponding frequency component, we have
ð2Þ

r2 Eeff ðx; rÞ ¼ l0 e0 x2 eðxÞEeff ðx; rÞ  l0 e0 x2 Peff ðxÞ;
(15)
where
ð2Þ

Peff ðxÞ ¼

XX
x1

vð2Þ ðx1 ;x2 Þ : Eeff ðx1 ;rÞEeff ðx2 ;rÞdx;x1 þx2 ;

x2

and
(
dx;x1 þx2 ¼

1 ; x ¼ x1 þ x2
0 ; x 6¼ x1 þ x2 :

For simplification, in our solution, we assume plane
wave propagating along the z axis and regard the excitation
of the nonlinear interaction as a perturbation, so the solution
for Eq. (15) has the following form:
Eeff ðx; zÞ ¼ Eeff ðx; zÞ½aðxÞ þ bðx; zÞeikðxÞz ;
where b(x,z) is the variation of the electric field vector
caused by the nonlinear interactions. Eeff ðx; zÞ is a slowly
varying function of propagation distance z, and b(x,z) has little changes. Associated with Eq. (13) and ignoring the terms
of @ 2 Eeff =@z2 , @b=@z, and @ 2 b=@z2 by taking the slowly varying amplitude approximation, we reduce the second-order differential equation (15) to a first-order differential equation

III. SIMULATION RESULTS

dEeff ðx; zÞ ie0 l0 x2 ð2Þ
P ðx; zÞeikðxÞz
¼
2kðxÞ eff
dz
ie0 l0 x2 X X ð2Þ
¼
v ðx1 ; x2 Þ
2kðxÞ x1 x2
: Eeff ðx1 ; zÞEeff ðx2 ; zÞdx;x1 þx2 eikðxÞz : (16)
The factor dx;x1 þx2 ensures the law of energy conservation. x, x1 , and x2 here are the different frequency components of relevant nonlinear interactions. Equation (16) describes
the electric field evolution of any certain frequency when a
pulse travels through a nonlinear crystal.
As a general case, we apply the above method to simulate the SHG process of a laser pulse. Assuming that all the
light propagates along the z-axis, all the electric field components have the same polarization along the x-axis. According
to Eq. (16), the vectorial nonlinear coupled wave equations
can thus be written as the following series of scalar nonlinear
coupled wave equations:
dEUP
eff ;q ðxq Þ
dz

¼

Here, deff is the effective second-order nonlinear coefficient and it depends on the incident angle of the fundamental
light. The subscripts o and p represent the different frequency components of the fundamental light and q represents the components of the up-conversion light. k is the
wave vector of each frequency component. The superscripts
FW and UP refer to the fundamental light and the upconversion light, respectively. The superscript * stands for
the complex conjugate. Here, we have neglected the dispersion of the second-order nonlinear susceptibility.
The nonlinear coupled wave equations utilizing the
spectral discretization of the pulse laser field are used to
evaluate the nonlinear wave mixing processes of pulse laser.
The spectrum of the fundamental light is discretized into N
sets of monochromatic plane waves. Following the same discretization rule, 2N–1 sets of the up-conversion light are
taken into consideration. Equations (17) and (18) show that
all frequency components are involved in a series of nonlinear interactions under the law of energy conservation, including a chain of SHG (xo ¼ xp ) and SFG (xo 6¼ xp ) processes
whether or not the phase matching condition is satisfied. The
contributions of each nonlinear process are determined by
the corresponding phase mismatching factors and amplitude
of the corresponding electric field. As all of the nonlinear
interactions are tightly coupled, those series of 3N–1 nonlinear coupled equations can be solved numerically by using
the third-order Runge-Kutta method simultaneously.

The above theoretical method is applied to evaluate
SHG of ultrashort pulse laser in a b-barium borate (b-BBO)
nonlinear crystal. The spectrum of the fundamental light has
been measured experimentally from a Ti:sapphire regenerative amplifier as shown in Fig. 1, which spans a wavelength
range from 750 to 820 nm. The output pulse energy is about
1mJ at 1 kHz with 40 fs duration, and the corresponding
spectral line width is FHWM  25 nm. The pulse laser beam
is slightly focused on a spot 8 mm in diameter. The relevant
second-order nonlinear coefficient of b-BBO is taken from
Ref. 19 and the dispersion of index is taken from Ref. 20.
The type-I phase matching angle is set at h ¼ 29.9 , u ¼ 0 ,

N X
N
X
ixq
deff 
EFW
eff ;o ðxo Þ
2nðxq Þc
o¼1 p¼1
iðkðxo Þþkðxp Þkðxq ÞÞz
 EFW
dxq ;xo þxp ; (17)
eff ;p ðxp Þe

dEFW
eff ;o ðxo Þ
dz

¼

q1
2N X
X
ixo
deff 
EUP
eff ;q ðxq Þ
nðxo Þc
q¼2 p¼1
h
i
ðx
Þ
eiðkðxq Þkðxo Þkðxp ÞÞz dxq ;xo þxp :
 EFW
p
eff ;p

(18)

FIG. 1. The spectrum of 40 fs Ti:sapphire regenerative amplifier.
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FIG. 2. Calculation result of the spectral evolution of (a) FW and (b) SHW
along the transport distance L of 1 mmthick b-BBO.

which fulfills the phase matching condition at the pump
wavelength of 786 nm. The thickness of b-BBO crystal is L0
¼ 1 mm. The spectrum of pump wave is split into N ¼ 351
sets, and the angular frequency step is Dx ¼ 2pDf, where
frequency step is Df ¼ 0.109 THz in numerical simulations.
Note that the number 351 is not a special value. By using
this discrete number of spectral components, the numerical
result has already been convergent, and the accuracy is
enough for experimental estimation. When further increasing
this number of discrete spectral components, the calculation
becomes more accurate but the numerical burden increases
rapidly. On the other hand, decrease in the discrete number
of spectral components may lead to inaccurate calculation
result.
To illustrate the dynamics of energy transfer, we calculate the spectral evolution of the fundamental wave (FW)
and second harmonic wave (SHW) along the transport
distance L of 1 mm-thick b-BBO crystal, as plotted in Fig. 2.
In the calculation, the SHW central wavelength locates at
392.7 nm as designed, the spectral FWHM bandwidth is
FWHM ¼ 1.95 nm, and the overall conversion efficiency of
SHG is 28.5%. The SHG spectral FWHM bandwidth entirely
stems from the second-order nonlinearities of SHG and SFG.
The evolutionary behavior of FW wave indicates that the
energy within the whole frequency range transfers to SHW
under the combined actions of SHG and SFG processes.
Because of the restriction by b-BBO dispersion, the phase
matching condition changes with the wavelength of fundamental pulse, which prominently decreases the conversion

FIG. 3. SHG conversion efficiency distribution in variance with the incident
angle, exhibiting a FWHM of 0.82 .

efficiency. But the chains of relevant nonlinear interactions
will reinforce corresponding processes.
In a practical experiment, the alignment of the fundamental wave may not be perfect. The tolerance of the incident angle must be taken into consideration. The calculated
SHG conversion efficiency varying with the incident angle
of FW is plotted in Fig. 3. The conversion efficiency within
the range of 29.63 to 30.21 is above 20%. Numerical
results reveal that the poor alignment condition leads to the
decrease in conversion efficiency. The corresponding SHW
spectra in different incident angles are plotted in Fig. 4. The
phenomenon of spectral shifting in deviation of the incident
angle is found, which is derived from the change in the condition of phase matching. The offset of peak shifting is about
10 nm/deg. The spatial distribution of the fundamental wave
can lead to the spectral broadening of SHG and decrease in
the conversion efficiency inevitably. In Fig. 5, we plot the
calculated SHG spectrum when considering the divergent
angle of 0.1 for the incident FW beam, which is more accordant with the practical experimental condition. Eventually, a
27.56% conversion efficiency with a 3.66 nm FHWM bandwidth can be evaluated in accompany with the effect of spectral broadening.
IV. COMPARISON WITH EXPERIMENTAL RESULTS
AND DICUSSION

To see whether or not the BNCWT is accurate, we consider a practical experiment and compare our theoretical calculation with the experimental data. The experimental setup
is schematically illustrated in Fig. 6. The above-mentioned

FIG. 4. Calculated distribution of SHG spectra in different incident angles.
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FIG. 5. Calculated SHG spectrum considering the divergent angle of 0.1
for the fundamental light beam at the phase matching angle.
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nearly 392 nm. The fitting FWHM in spectrum is 3.82 nm
and the SHG conversion efficiency is about 25% in the measurement data, in good agreement with the theoretical calculations. From the aspect of the conversion efficiency, the
theoretical method provides a reasonable estimation. The
deviation in spectrum may depend on the spectral broadening effect from the third-order nonlinearity in nonlinear
media in practical experiment, which has been neglected in
theory. Moreover, we measure the condition of the angle tolerance, namely, the SHG efficiency along with the deviation
of the incident angle of pump laser beam away from the perfect phase matching angle. The experimental results are
shown in Fig. 8 along with the calculated result. Comparison
between theory and experiment in terms of several critical
physical parameters shows the favorable consistency. This
indicates that our BNCWT theoretical method is an efficient
and valid approach to evaluate the SHG process for practical
needs. The small discrepancy between theory and experiment in the shoulder of the angle dependence curve as found
in Fig. 8 is probably owing to the quality of b-BBO sample.
V. CONCLUSION

FIG. 6. Schematic illustration of the experiment layout.

Ti:sapphire regenerative amplifier acts as the fundamental
laser source. The laser beam is collimated to 8 mm in diameter. A 1 mm-thick type-I phase matching b-BBO is chosen as
the SHG crystal at an appropriate phase matching angle. A
dichroic mirror (DM) is set to separate the pump FW beam
and SHW beam. The experimental data are taken by using a
UV-visible spectroscopy and power meter. The experimental
SHG spectrum is plotted in Fig. 7, together with the result
from the theoretical simulation. The strong SHG peak lies at

FIG. 7. Measured spectrum of SHG with fitting FWHM bandwidth of
3.82 nm pumped by 40 fs 1 mJ ultrashort pulse laser.

In summary, we have presented a theoretical method
called BNCWT to simulate SHG of an ultrashort laser pulse
propagating within nonlinear optical media. In the BNCWT,
the whole spectrum of the pulse laser is discretized into a
series of frequency components, and each component is modeled by a monochromatic wave. The SHG problem is then
described by a series of nonlinear coupled wave equations
reflecting SHG and SFG for all the frequency components
and their mutual complicated coupling. These multiple SHG
and SFG nonlinear processes can be numerically solved by
the third-order Runge-Kunta method. The BNCWT has been
applied to evaluate the SHG process in a 1 mm-thick b-BBO
crystal excited by a 40 fs 1 mJ Ti:sapphire regenerative amplifier, and in particular to calculate several critical physical
parameters such as the bandwidth and conversion efficiency
of SHG. Experiment has also been adopted and the agreement
between theory and experiment is quite good in terms of
these critical parameters. This agreement strongly supports
the efficiency and effectiveness of the proposed BNCWT in

FIG. 8. The measured conversion efficiencies of SHG varying with the incident angle.
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solving nonlinear optics for ultrashort pulse laser within
nonlinear optical media. The study also reveals the critical
importance of considering all relevant nonlinear processes in
the broadband (or ultrafast) nonlinear optics. The developed
numerical method can be very beneficial for estimating,
explaining, and designing practical nonlinear materials to
realize desirable nonlinear optical functionalities, with SHG
for ultrashort pulse laser being a prominent example.
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