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1 1. INTRODUCTION

The filamentation of optical laser beam in nonlin�
ear media was observed in sixties of last century. But
more than a decade ago, femtosecond (fs) pulses
introduced a new concept into the “old” field. Due to
the advantages of intense fs pulses, many interesting
phenomena occur and potential applications, such as
lightning control, remote sensing, and pulse compres�
sion attract scientists’ attentions widely.

The mechanisms underlying the propagation of
intense fs laser pulses have been well studied. Three
models were proposed during the past decades. Braun
et al. [1] proposed the self�waveguiding model to
interpret the self�guided filament formation as the
results of the balance between self�focusing and
plasma defocusing. The main conception of self�
waveguiding model can be described as follows: When
high power laser pulse propagates in air, the Kerr non�
linearity can leads to self�focusing of laser pulse and
the laser intensity will increase, when the laser inten�
sity exceeds the multi�photon ionization (MPI)
threshold of air, low density plasma can be generated.
The plasma density gradient can induce defocusing
effect to the laser propagation. The dynamic balance
between the two effects leads to the self�guided propa�
gation. Brodeur et al. [2] adopted the moving�focus
model whereby different time slices of the pulse focus
at different nonlinear focal lengths [3–5]. However,
the moving�focus model cannot explain the persis�
tence of a filament beyond the linear focus, and the
self�waveguiding model also has some problems of
interpretation [6]. The dynamic spatial replenishment
model proposed by Mlejnek et al. [7] believes that the

1  The article is published in the original.

mechanism should be the periodical energy transfor�
mation between the filament and background energy
reservoir. That is to say, the focusing�defocusing cycle
leads to the long�distance propagation of laser pulses
in air. The recurrent collapse mechanism is consistent
with almost all recent experimental results.

Although the filamentation of fs laser pulses in air
has been studied for many years, but many physical
problems in this field are still not clearly understood
and need to be investigated further. In this paper we
will review our recent theoretical and numerical stud�
ies on the mechanisms' of hundreds of meters range
light filaments formed by free propagated powerful fs
laser pulses in atmosphere, effect of air turbulence on
the filamentation, filament interaction between fs
laser pulses.

2. SPATIOTEMPORAL MOVING FOCUS
OF LONG FEMTOSECOND LASER 

FILAMENTS IN AIR

In the self�guiding and dynamic spatial replenish�
ment models, the ionization plays an important role in
the formation of filaments. In a long period, in most
experiments the fs laser filamentation in air is induced
with slightly focused pulses in laboratory scale [8–10].
Such kinds of filaments usually have 100–200 µm
diameter, and several tens of meters length. The elec�
tron density is 1016–1017 cm–3, which can clamp the
filament intensity down to 1014 W/cm2 [1]. However,
more and more experiments to study the hundred�
meter range filamentation induced by free propaga�
tion of fs laser pulses have been performed in recent
years [11–14]. The typical size of the free propagation
filaments is about 1 mm, and the intensity in filament
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is just above the ionization threshold. The ionization at
such intensity can be estimated using multiphoton
ionization model. The electron density is only about
1013 cm–3 [12]. The refraction index change by such
low electron density is several orders lower than that
caused by Kerr nonlinearity. In this case, the ioniza�
tion defocusing can not balance the Kerr self�focus�
ing. Therefore other mechanisms are required to
understand such long�range filamentation. Kasparian
et al. [15] performed ray�tracing calculation for long�
range filamentation of fs laser pulse without taking
ionization effect. The calculation suggests that the
long filament results from the moving focus of spatial
slices of the laser pulse. However, the ray�tracing sim�
ulations can be improved by using a more accurate
intensity distribution of the laser field and including
other physical processes, such as the ionization effect
and temporal dynamics, which can also significantly
influence the process of filamentation. To understand
the long�range filamentation, we have proposed a
scheme combining a (2D + 1) extended nonlinear
Schrödinger (NLS) equation simulation with the spa�
tiotemporal ray tracing calculation.

To describe the free propagation of fs laser pulses in
air, we first present simulations on the basis of the
(2D + 1) NLS equation coupled with the evolution
equation of electron density. The NLS equation gov�
erns a slowly envelop of laser electric field E in the
frame moving with the group�velocity vg (t  t –
z/vg). The coupled equations can be written as:
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Here, k0 = 2π/λ0 (λ0 = 800 nm) is the central wave
number. The coordinate of Eq. (1) is cylindrically

symmetric and the Laplacian operator ∆⊥ =  +

 denotes the beam transverse diffraction. Group�

velocity dispersion is also included with coefficient
k'' = 0.2 fs2/cm. The remaining terms represents the Kerr
self�focusing with coefficient n2 = 3.2 × 10–19 cm2/W,
electron defocusing and multiphoton absorption with
coefficient of β(K) = 3.1 × 10–98 cm13/W7 for the num�
ber of photons K = 8. The electron in Eq. (2) is gener�
ated by multiphoton ionization of air. The critical
plasma density and the neutral atoms density are nc =
1.7 × 1021 cm–3 and nat = 5.4 × 1018 cm–3, respectively.

Simulation was performed for a laser pulse with
energy of 10 mJ, a peak power Pin = 27 GW, a trans�

verse waist (FWHM) w =  = 10 mm and a

temporal duration (FWHM) τ =  = 350 fs
with negative chirp c = –5.75.

Figure 1 shows the distributions of energy fluence
(a), peak intensity (b), and peak electron density (c)
for the laser pulse propagating in air. A stable filament
is formed and extends more than 100 m. During this
process, the peak intensity of the filament reaches
8.1 × 1013 W/cm2. The effective ionization is only
observed at few short distances and the maximum of
electron density is 4.9 × 1016 cm–3.
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Fig. 1. Energy fluence distribution (a), peak intensity (b), and peak electron density of the fs laser filament as a function of prop�
agation distance z (c).
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In the ray�tracing calculations, the propagation of
the laser pulse is considered as a bunch of light rays.
The trajectory of each ray can be described by:

, (3)

where r is the position of the light rays and z is the
propagation distance. The refractive index of air η is
given by:

, (4)

where the n0 is linear part, whose value is constant, and
the nonlinear parts n2I and ne/2nc are induced by Kerr
effect and ionization, respectively. To obtain the pre�
cise evolution of light rays, the values of intensity I(r,
t, z) and electron density ne(r, t, z) in Eq. (4) are taken
from the numerical solution of NLS equation.

Figure 2 shows the trajectory of light rays for the
time slice t = –174 (a), 0 (b), and 174 fs (c) in refrac�

tive index field η = n0 + n2I –  (left) and η = n0 +

n2I (right).
First, we investigate the trajectory of light rays

when both the effects of Kerr nonlinearity and ioniza�

tion are considered  = n0 + n2I – , as shown in

Fig. 2 (left). For the different time slices, the common
feature of light rays is that the rays from different start
positions arrived to the beam axis at different propaga�
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tion distance. And the focusing distance of rays essen�
tially increases with their initial distance from beam
axis, similar to the results in [15]. The central rays with
higher intensity focus earlier than the rays in the
fringe. Thus, it can be concluded the effect of moving
focus can also be induced by the spatial distribution of
laser intensity. During this process, the background
energy replenishes the filament core over propagation
distance. The mechanism of this kind of moving focus
is described in [15]. From Fig. 2 (left) we can see that
after the crossing with beam axis, some rays escape the
beam but some rays can be trapped by the gradient of
refractive index and return to the filament core again.
The trajectory of rays is dependent to the incident
angle on the beam axis and refractive index distribu�
tion. Comparing the trajectories of light rays with and

without taking account of ionization effect , as

shown in Fig. 2 (left) and Fig. 2 (right), we can see they
are almost same except few rays which are drawn in
dash line in Fig. 2. At some propagation distance the
ionization effect can be able to change the direction of
rays when the rays approach to the beam axis. How�
ever, the electrons are generated at a few short dis�
tances and only influence the laser field very close to
the filament core.

Figure 3 shows the trajectory of light rays with the
initial position r0 = 1 (a), 2 (b), and 4 mm (c) for dif�
ferent time slices. For clarity, the figure only displays
light rays from nine time slices. It can be seen that for
the same start position, the rays of different time slices
also approach to the beam axis at different distances.
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Fig. 2. The evolution of light rays for the time slice t = (a) –174, (b) 0, and (c) 174 fs when both the effects of Kerr nonlinearity
and electron are considered (left) and only the Kerr nonlinearity is included (right).
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The rays from more intense time slice focus on the ear�
lier propagation distance. These results are in good
agreement with the model of moving focus proposed
by Brodeur et al. [2]. Thus, we can see the spatiotem�
poral moving focus induced by the initial profile of the
laser pulse is the dominating process for the formation
of long filament.

Our calculations combining the NLS equation
with the ray�tracing method show that the long fila�
ment is basically formed due to the moving focus
induced by the initial distribution of laser intensity in
spatial and temporal domain. The Kerr self�focusing is
the dominated process during filamentation of the free
propagated laser pulse. The self�guided mechanism
due to dynamic balance between Kerr self�focusing
and ionization defocusing may take place for filamen�
tation of prefocused laser pulse in air or filamentation
in solid and liquid media, where the electron density is
much higher.

3. WIDENING OF LONG�RANGE 
FEMTOSECOND LASER FILAMENTS

IN TURBULENT AIR

The influence of air turbulence on the long�range
filamentation of fs laser pulses has been numerically
investigated. Simulations are performed for different
parameters of air turbulence and laser pulses. The
results indicate that the diameter of filaments formed
by free propagated fs laser pulses can be widened up to
mm level by enough strong air turbulence. However,
the widening effect can be suppressed if the propagat�
ing distance before the on�set position of filamenta�
tion becomes shorter. The reduction of non�linear

focus length can be realized by pre�focusing of the
laser pulse.

In our simulation, a negative chirped pulse with
270 fs duration is used to generate long range filament.
The initial beam waist is 10 mm and the pulse energy
is 10 mJ. The laser pulse has Gaussian shape in spatial
and temporal domains. The pulse evolution of enve�
lope during propagation is described by traditional
NLS equation. The effects of the air turbulence on the
laser propagation are usually simulated using thin
phase screens which perturb the phase of a propagat�
ing wavefront [15]. The chain of phase screens, located
along the propagation direction, reproduces ade�
quately the properties of a continuous medium. The
laser pulse will propagate freely between the two
neighboring phase screens. To describe a wide range of
refractive�index fluctuation we use the von Kármán
model spectrum [12]. Figure 4a shows the isosurface
of energy fluence of laser filament in unperturbed air.
The energy fluence is normalized by the maximum in
transverse plane for every propagation distance. From
Fig. 4a, we can see the beam smoothly self�focused
and a thin filament formed at the distance of 45 m.
Figures 4b and 4c show the energy fluence distribution

in weak (  = 2.0 × 10–17 m–2/3) and moderate (  =

2.75 × 10–16 m–2/3) turbulent atmosphere, respectively.

Cn
2

Cn
2

1

0

–1

r, mm

1501209060300
2

0

–2
1501209060300

4

0

–4
1501209060300

z, m

Fig. 3. The evolution of light rays with initial position r0 =
(a) 1, (b) 2, and (c) 4 mm for the time slices t = ⎯278 fs
(solid line), –209 (dashed line), –139 (dotted line), and
0 fs (dash dot line).

25

5

25

5

25 5 20 400 60 80 100

25
5 20

40 60

25

5
25

520 40 60
z, m

y,
 m

m

(a)

(b)

(c)

Fig. 4. The energy fluence distribution in unperturbed air
(a). Energy fluence distribution in weak turbulent air with

the structure constant  = 2.0 × 10–17 m–2/3 (b) and in

moderate turbulent air with the structure constant  =

2.75 × 10–16 m–2/3 (c).

Cn
2

Cn
2

(a)

(b)

(c)

x, m



LASER PHYSICS  Vol. 19  No. 8  2009

LONG�DISTANCE FEMTOSECOND LASER FILAMENTS IN AIR 1773

The inner scale, lm, is 1 mm. The beam profile is dis�
turbed in the weak turbulent air (Fig. 2b) compared
with that without turbulence in Fig. 2a. However, the
energy still fuses into one thin filament in Fig. 4b. In
Fig. 4c, the beam is randomly nucleated, forming a
bath of spiky filaments over shorter distances (<30 m)
in moderate turbulence. The center of the beam wan�
ders before the beam collapsing [14, 16] and the
energy fuses into one filament with widened diameter.
We can see many small random local intensity peaks
presented after the propagation distance of 70 m.
These peaks are formed due to the random dynamics
of laser field and disappear quickly. Only the contin�
ued and long channel is optical filament, whose length
is much longer than the natural diffraction (Rayleigh)
length for the beam waist of this optical filament. The
beam diameter sustains about 1–2 mm in long propa�
gation distance (Fig. 5, dashed line). The inner scale of
moderate turbulence in our simulation is 1 mm. This
is smaller than the transverse size of filament and
much smaller than the background energy reservoir,
which is extended to cm distance from the filament
center for such long filament. As a result, the air tur�
bulence causes phase perturbations on the energy
background and this perturbation can be accumulated
with propagation distance. The distortion of wave
front can partly break the process of energy replenish�
ment from background reservoir to the filament core
[17]. Thus, this effect can lead the widening of fila�
ment size on large distance propagation and decrease
of the filament intensity to 1012 W/cm2 which is
around the ionization threshold of air.

Figure 6 shows the energy fluence distribution
when a laser pulse with 10 mJ energy is prefocused by
the lenses of focal length 4 (a), 6 (b), and 8 m (c).
Although the turbulent air is the same as the free prop�
agation (Fig. 4b), we can see from Fig. 6 that the trans�

verse widths of the filaments are very small for all focal
conditions, which agrees well with both numerical and
experimental results [18, 19]. Earlier experiment [20]
shows that for filamentation of prefocused laser pulses,
the size of energy background is about 1mm, which is
comparable to the inner scale of air turbulence. In this
case, the energy background is weakly influenced by
the turbulent air. The energy exchanges between the
filament and background forming a thin filament, as
that in unperturbed air. The influence of the air turbu�
lence reduces with the decreasing of the on�set posi�
tion of filamentation. This is consistent with the
experiment of [21] which reported that a thin filament
can be generated by a prefocusing beam even under
strong turbulent air.

4. FILAMENTATION OF INTERACTING 
FEMTOSECOND LASER PULSES IN AIR

The filamentation of two co�propagated fs laser
pulses in air has been studied by numerical simulation.
Depending on the different initial separation dis�
tances, relative phase shift and crossing angles, simu�
lations show attraction, fusion, repulsion and collision
of the two pulses. A long and stable plasma channel
can be formed by two in�phase pulses with small sepa�
ration distance and cross angle. The coupling of two
laser pulses becomes weak when the separation dis�
tance or cross angle are large. In this case, the filamen�
tation of each pulse developed independently.
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In our simulation, two identical Gaussian pulses
with 40 fs duration, 1 mJ energy, and 0.59 mm waist
are used. Figure 7a illustrates the spatiotemporal
intensity distribution of in�phase parallel Gaussian
pulses with initial separation distances, ∆0 = 0.78 mm.
It is shown that two pulses collapse at z = 30 cm and
temporally break into two subpulses at z = 50 cm,
respectively. The filaments then defocus by the
induced plasma and more energy disperses outside.
Because the two pulses interfere constructively, the
intensity in the overlapping region becomes larger
which leads to a larger refractive index in the center
due to the Kerr effect. Thus the background energy is
attracted towards the center, resulting in a new fila�
ment at z = 120 cm.

Figures 7b–7e show the interaction of two in�phase
parallel Gaussian pulses with different initial separa�
tion distances, ∆0 = 0.62, 0.78, 0.94, and 1.09 mm.
The initial separation distance plays an important role
in the interaction of the pulses. If the initial separation
distance is comparable to the waist of each pulse (Fig.
7b), the merging process starts earlier. The merging of
filaments prolongs the filament’s length and the
plasma channel’s length by comparison with filamen�
tation of a single beam. When the separation distance
is much larger than the initial transverse waist of each
Gaussian pulses, the filamentation of each pulse
developed independently (Fig. 7e).

For the out�of�phase case, two pulses repel each
other and disperse quickly if the initial separation dis�
tance is small. When the separation distance is large,
the filamentation of pulses developed independently.
In addition, our simulation also indicates that for large
crossing angle, two pulses meet, go through each other
and then disperse quickly. Our simulation results can
be helpful for understanding the influence of the initial
intensity and phase modulation of laser pulses on the
filamentation.

5. CONCLUSIONS

The mechanism of long�range filamentation of fs
laser pulses in air, the influence of the air turbulence
on the filamentation, and the interaction of two
intense fs pulses and the resulting filaments are inves�
tigated numerically. The simulations combining the
NLS simulations with the ray�tracing calculations
show that a long filament is basically formed due to the
moving focus induced by the initial distribution of the
laser intensity in the spatial and temporal domains. Air
turbulence causes random fluctuations of refractive
index of the atmosphere. Widening filament with a
length of hundred meters is induced by the perturba�
tion of air turbulence. The attraction, fusion, repul�
sion and collision of the two pulses can occur depend�
ing on the initial separation distances, relative phase
shift and crossing angles.
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