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Abstract

In this letter, long-distance interactions between optical solitons with an oscillating structure
are investigated. Analytic two-soliton solutions for the variable-coefficient nonlinear

Schrodinger equation are obtained. Different from the elastic interactions reported previously,
the interaction solitons are accompanied with an oscillating structure during their interactions.
Reasons for long-distance interactions are discussed, and influences of the corresponding
parameters are analyzed. Those studies may provide a new insight into the soliton interactions.
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1. Introduction

Various aspects of optical solitons have been the subject of
intense investigations in recent decades, as a result of both
their fundamental relevance and potential versatility in appli-
cations ranging from data transmission to readdressing or
switching [1-9]. Optical solitons have the tendency to main-
tain their shapes during the propagation due to the balance
between the group velocity dispersion (GVD) and nonlin-
earity [10, 11]. One prominent theme of research in optical
solitons is the soliton interaction [12—16]. When two optical
solitons are mutually coherent, the interaction force between
solitons can be attractive or repulsive, depending on their rela-
tive phase, and the properties they exhibit are normally associ-
ated with particles [17].

Traditionally, soliton interactions are usually considered to
be elastic [18]. After soliton interactions, there is no change
in physical quantities such as their amplitudes, velocities
and shapes [18]. However, depending upon the individual
pulse width, inter-pulse spacing and loss in optical fibers,
co-propagating solitons do interact and share energy [11]. It is
therefore necessary to investigate soliton interactions before
implementing them in high speed optical communication sys-
tems. To overcome that problem, several effective methods
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have been proposed, and considerable theoretical and experi-
mental research has been carried out on soliton interactions
[10, 19].

The nonlinear Schrédinger (NLS) equation can be used
to study the properties and features of soliton interactions
in nonlinear optics. The following variable-coefficient NLS
(veNLS) equation is under investigation in this letter [10]:

ou . Ju 0%u 2
1a—z+1ﬂ1(z)E+/J’2(Z)W+y(z)lul u=0, (1)

where u(z, t) is the temporal envelope of optical solitons. ¢ is
the time in the moving coordinate system, z is the longitudinal
coordinate. f#(z) is the reciprocal of the group velocity, f»(z)
represents the GVD coefficient, and y(z) is the nonlinearity
coefficient. When f(z) = 0, equation (1) can be reduced into
the standard veNLS equation, and elastic interactions between
optical solitons have been studied for the standard vcNLS
equation [10].

However, soliton interactions in equation (1) have not
been studied. With the aid of the transformation in [20, 21],
equation (1) usually becomes the standard NLS equation.
Researchers have studied the solutions of the standard NLS
equation. However, they have not discussed the influence of
P1(z) on soliton interactions with the final solution versus ¢.
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Figure 1. Soliton interactions with an oscillating structure. The parameters are M = 1, 1(z) = 1, y(z) =2, k11 = -1, b1, = 1 with (a) k2 =0,
ki ==1,kpn=0,b11=1, b1 ==1, by ==1,(b) kiz =1, ko1 =2, koo = 1, b11 = 0.5, by = =0.5 and by, = -2.

In this paper, we will directly analyze the influence of f(z)
on soliton interactions using the solution forms. With f(z),
we will present a new type of soliton interaction. The inter-
action solitons are accompanied with an oscillating struc-
ture during their interactions. We find that their interaction
dynamics are different from the elastic interactions reported
previously [21]. The interaction strength can be controlled.
More strikingly, the interaction can change from attractive
to repulsive by changing the corresponding parameters, or
vice versa.

This letter will be structured as follows. In section 2,
the analytic two-soliton solutions for equation (1) will
be obtained. In section 3, the properties and features of
interaction solitons will be discussed, and the influence
of the corresponding parameters on soliton interactions
will be analyzed. Finally, our conclusions will be given in
section 4.

2. Analytic two-soliton solutions

At first, the dependent variable transformation can be intro-
duced as [20-23]

g(z, 1)
flz, 1)’

u(z, t) =

2)

where g(z, 1) is a complex differentiable function, and f(z, 7)
is a real one (equation (1)). With symbolic computation, the
bilinear forms for equation (1) are obtained as

iDg-f+ip(z2) Dig-f+ ﬁz(Z)thg f=0, (3)

Br(2) DPf-f—y(2) gg* =0, )

where the asterisk denotes the complex conjugate. D, and D,
[24] are Hirota's bilinear operators, and are defined by

7] 2\ (o oY
D'D/(a-b) =| —— - , Dbt
"D/ (a-b) (()z dz’] (at at,)a(z )b(z', 1)

o)

zr=z, 1=t

where a and b are functions of z and ¢. m and [ are positive
integers. With the following power series expansions for
g(z, ) and fiz, 1) :

g(z, t) =eg(z, t) +&3g(z, 1) +&5g5(z, 1)+, (6)

flz,ty=1+e* fi(z, ) +e* fi(z, )+ fi(z, )+, (T)

where ¢ is a formal expansion parameter, bilinear forms
(3)-(4) can be solved. Substituting expressions (6)—(7) into
bilinear forms (3)—(4) and equating coefficients of the same
powers of € to zero yield the recursion relations for g,(z, )
and f,(z, t) . Then, the analytic two-soliton solutions for equa-
tion (1) can be derived.

To obtain the analytic two-soliton solutions for equa-
tion (1), we assume

8z, ) =g(z, ) +g(z, 1), flz, )=1+f(z, 1) +f, (2, 1), (8)

where
a(z, )=e’"+e” 0,=ai(z)z

+bit+ki=[an(z) +ian(z)]z

+ (b1 +ib12) t+ ki +ikio, Or=ay(2)z
+bot + ko =[a2(2) +1a22(2) |2z

+ (b1 +1bp) t+ ko + ikpa, )

with bjy, bjp, kji and kjp(j = 1, 2) being real constants. a;;(z) and
ap(z) are the differentiable functions to be determined. With
g1(z, 1), and collecting the coefficient of e in equation (3), we
obtain the constraints on a;;(z) and a;(z) as

aji(z) = %/[—bﬂﬂl(z) —ijlbjzﬂz(Z)] dz,
an(2) =% [[pa:0 - -b3pa0) ] .

Substituting g;(z, f) into equation (4), and collecting the
coefficient of &2, we yield
£ (z, 1) = A0 + Ay eB2+05 4 A3ef1+05 4 A e 0T (10)

with
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Figure 2. Soliton interactions with an oscillating structure with the same parameters as those given in figure 1(b), but with (a) by =1,

bi2=2,by1=-0.6, (D) ki1 =1, kip=-1and ky; = -2.
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Figure 3. Soliton interactions with an oscillating structure with the same parameters as those given in figure 1(b), but with f(z) = 2cos(8z),

(@) y(z) = 1 and () y(z) = 0.01.

A1=£2’ A2=£2’ A3=L2’
8bi 8b3 2(b1+b§)
M
A4=—2, Y(Z)=Mﬂ2(2)a
2(bj+by)

and M as an arbitrary constant.
In order to obtain g3(z, ), we substitute g(z, 1) and f>(z, 1)
into equation (4), and obtain

(2, 1) = Biefrtortor 4 B eOit0rt0f, )
with
_ M(bi—by)? _ M(bi—by)?
sba(bE+ba) . SbA(bi+bE)
Finally, we can obtain fi(z, 7) as
£, (2, 1) = Byeli+0x+01+05, (12)

with

oo MLbu=b21) +(bio=b2)’ I
64b2b3(bi+b5) (b +by )

Without loss of generality, we write the analytic two-
soliton solutions for equation (1) as

_ g(z, 1) _ &z, 1) +g(z, 1)
fz ) 1+f(z ) +f(z, 1)

u(z, t) (13)

3. Discussion

According to solutions (13), we can obtain the soliton interac-
tions with the parameters M = 1, f1(2) = 1, y(2) = 2, ki1 = -1,
b12= 1,](12 =0, k21 =—1, k22=0, bll = 1, b21 =-1 andb22=—1
in figure 1(a). That phenomenon is the classic soliton inter-
action. The interactions between solitons are elastic, and the
soliton properties do not change after interactions. However,
when the values of b, bj, k;; and kj, change, two solitons are
accompanied with an oscillating structure during their interac-
tions as shown in figure 1(b).

The long-distance interactions between solitons being
accompanied with an oscillating structure are due to the
existence of the reciprocal of the group velocity f(2).
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Figure 4. Soliton interactions with an oscillating structure with the same parameters as those given in figure 1(b), but with f(z) =1,

(a) y(z) = 2c0s(62), (b) y(z) = 2c0s(8z) + sin(z).
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Figure 5. Soliton interactions with an oscillating structure with the same parameters as those given in figure 1(b), but with (a)

P1(z) = cos(2), y(2) = cos(6z), (b) f1(z) = 2cos(2z) and y(z) = sin(2z).

Before soliton interactions, f(z) results in the change of
soliton phases and velocities, then the soliton oscillations
are generated. When solitons interact with each other after
a while, the interactions between them are weakened, and
they separate in accordance with the original velocities and
phases. The solitons change periodically when they interact
with each other. Changing the values of b;; and bj; can adjust
the amplitude of solitons in figure 2(a). The reason for the
increasing amplitude can be explained by Aj, A,, Az, Ay, By,
B> and B3 in expressions (10)—(12). The soliton amplitude
decreases with the decreasing of b, and the period of the
soliton interactions increases. The values of k;; and kj can
adjust the initial phases of solitons, which can be seen in
figure 2(b). Moreover, kj; and kj» can determine the interac-
tion distance of solitons, which depends on the initial phase
difference between solitons. When the initial phase differ-
ence between solitons is 7/2, the solitons interact with the
shortest distance. When the initial phase difference between
solitons is 0 or z, the soliton interactions have the longest
interaction distance.

In figures 1 and 2, the values of £(z) and y(z) are con-
stants. Due to various perturbations, the balance between the
dispersion and nonlinearity is broken, and the propagation
of solitons is affected. In order to maintain a well-ordered
propagation of solitons, it is necessary to introduce a slow
change of the fiber parameters in the longitudinal direction.
Therefore, the values of f1(z) and y(z) will be assumed to be
a function of z. When f(z) = 2cos(8z) and y(z) = 1, the soli-
tons change periodically in figure 3(a). The velocities of the
solitons change in a cosine function due to the variation of
P1(z). When we decrease the value of y(z), the nonlinear effect
results in the change of soliton phases, and the solitons propa-
gate in parallel in figure 3(b). Although they interact with each
other, they propagate in a bound state of solitons. However,
when f(z) is a constant, y(z) is a trigonometric form, such as
P1(z) = 1 and y(z) = 2cos(6z) in figure 4(a), the bound solitons
are also obtained. Changing the value of y(z), the bound state
of solitons changes as shown in figure 4(b). When f(z) and
y(z) are both functions, different bound states of the solitons
are displayed in figure 5. Therefore, we can adjust the bound
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state of solitons through changing the values of ;(z) and y(z).
At the same time, by analyzing the influences of f1(z) and y(z),
we can avoid the disordered propagation of solitons when the
dispersion and nonlinearity can not be balanced.

4. Conclusions

Long-distance interactions between optical solitons with an
oscillating structure have been investigated in this letter. The
veNLS equation (see equation (1)), which can be used to
describe the soliton propagation, has been studied analytically.
The analytic two-soliton solutions (13) have been obtained.
Due to the existence of the reciprocal of the group velocity
P1(2), the interaction solitons have been accompanied with an
oscillating structure during their interactions (see figures 1-5),
and the influences of the parameters of b;i, bj, k;; and kj on
soliton interactions have been discussed. The amplitude of the
solitons has been adjusted through changing the values of b;
and bj, (see figure 2(a)). The soliton interactions have been
changed from attractive to repulsive by changing the values
of f1(z) and y(z) (see figures 4 and 5). Our studies suggest that
those phenomena could be used for studying the dispersion
management systems.

Acknowledgments

This work has been supported by the National Key Basic
Research Program of China (Grant Nos. 2012CB821304 and
2013CB922402), by the National Natural Science Founda-
tion of China (NSFC) (Grant Nos. 61205064, 61378040 and
11078022).

References

[1] Peccianti M, Brzdakiewicz K A and Assanto G 2002 Nonlocal
spatial soliton interactions in nematic liquid crystals Opt.
Lett. 27 1460-2

[2] Song Y F, LiL, Tang DY and Shen DY 2013 Quasi-periodicity
of vector solitons in a graphene mode-locked fiber laser
Laser Phys. Lett. 10 125103

[3] Tang DY, Li L, Song Y F, Zhao L M, Zhang H and Shen DY
2013 Evidence of dark solitons in all-normal-dispersion-
fiber lasers Phys. Rev. A 88 013849

[4] Song Y F, Li L, Zhang H, Shen DY, Tang DY and Loh K P
2013 Vector multi-soliton operation and interaction in a
graphene mode-locked fiber laser Opt. Express 21 10010-8

[5] Zhao CJ, Zou Y H, Chen Y, Wang Z T, Lu S B, Zhang H,
Wen S C and Tang DY 2012 Wavelength-tunable picosec-
ond soliton fiber laser with topological insulator: Bi2Se3 as
a mode locker Opt. Express 20 27888-95

[6] Liu W J, Tian B and Lei M 2013 Elastic and inelastic interac-
tions between optical spatial solitons in nonlinear optics
Laser Phys. 23 095401

[7] Dai C Q and Wang Y Y 2014 A bright 2D spatial soliton in
inhomogeneous Kerr media with PT-symmetric potentials
Laser Phys. 24 35401

[8] Dai C Q and Zhu H P 2013 Superposed Kuznetsov—Ma solitons
in a two-dimensional graded-index grating waveguide
J. Opt. Soc. Am. B 30 3291-7

[9] Dai C Q and Zhu H P 2014 Superposed Akhmediev
breather of the (3 + 1)-dimensional generalized nonlinear
Schrodinger equation with external potentials Ann. Phys.
341 142-52

[10] Agrawal G P 2007 Nonlinear Fiber Optics 4th edn (San
Diego, CA: Academic)

[11] Shahzad A and Zafrullah M 2009 Solitons interaction and
their stability based on nonlinear Schrédinger equation
ICMV’09: 2nd Int. Conf. on Machine Vision pp 305-8

[12] Zakharov V E and Shabat A B 1973 Interaction between
solitons in a stable medium Sov. Phys.—JETP. 37 823-8

[13] Gordon J P 1983 Interaction forces among solitons in optical
fibers Opt. Lett. 8 5968

[14] Kodama Y and Nozaki K 1987 Soliton interaction in optical
fibers Opt. Lett. 12 1038-40

[15] Yu T, Golovchenko E A, Pilipetskii A N and Menyuk C R
1997 Dispersion-managed soliton interactions in optical
fibers Opt. Lett. 22 793-5

[16] Aceves A B, De Angelis C, Peschel T, Muschall R, Lederer F,
Trillo S and Wabnitz S 1996 Discrete self-trapping, soliton
interactions, and beam steering in nonlinear waveguide
arrays Phys. Rev. E 53 1172-89

[17] Chen Z G, Acks M, Ostrovskaya E A and Kivshar Y S 2000
Observation of bound states of interacting vector solitons
Opt. Lett. 25 417-9

[18] Wang Y'Y and Dai C Q 2013 Elastic interactions between
multi-valued foldons and anti-foldons for the
(2 + 1)-dimensional variable coefficient Broer—Kaup
system in water waves Nonlinear Dyn. 74 429-38

[19] Aitchison J S, Weiner A M, Silberberg Y, Leaird D E,

Oliver M K, Jackel J L and Smith P W E 1991 Experimental
observation of spatial soliton interactions Opt. Lett.
16 15-7

[20] Liu W J, Tian B, Zhang H Q, Li L L and Xue Y S 2008
Soliton interaction in the higher-order nonlinear
Schrodinger equation investigated with Hirota's bilinear
method Phys. Rev. E 77 066605

[21] Liu W J, Tian B and Zhang H Q 2008 Types of solutions of
the variable-coefficient nonlinear Schrodinger equation with
symbolic computation Phys. Rev. E 78 066613

[22] Liu W J, Tian B, Zhang H Q, Xu T and Li H 2009 Solitary
wave pulses in optical fibers with normal dispersion and
higher-order effects Phys. Rev. A 79 063810

[23] Liu W J, Tian B, Xu T, Sun K and Jiang Y 2010 Bright
and dark solitons in the normal dispersion regime of
inhomogeneous optical fibers: soliton interaction and
soliton control Ann. Phys. 325 1633-43

[24] Hirota R 1971 Exact solution of the Korteweg—de Vries
equation for multiple collisions of solitons Phys. Rev. Lett.
27 11924


http://dx.doi.org/10.1364/OL.27.001460
http://dx.doi.org/10.1364/OL.27.001460
http://dx.doi.org/10.1364/OL.27.001460
http://dx.doi.org/10.1088/1612-2011/10/12/125103
http://dx.doi.org/10.1088/1612-2011/10/12/125103
http://dx.doi.org/10.1103/PhysRevA.88.013849
http://dx.doi.org/10.1103/PhysRevA.88.013849
http://dx.doi.org/10.1364/OE.21.010010
http://dx.doi.org/10.1364/OE.21.010010
http://dx.doi.org/10.1364/OE.21.010010
http://dx.doi.org/10.1364/OE.20.027888
http://dx.doi.org/10.1364/OE.20.027888
http://dx.doi.org/10.1364/OE.20.027888
http://dx.doi.org/10.1088/1054-660X/23/9/095401
http://dx.doi.org/10.1088/1054-660X/23/9/095401
http://dx.doi.org/10.1088/1054-660X/24/3/035401
http://dx.doi.org/10.1088/1054-660X/24/3/035401
http://dx.doi.org/10.1364/JOSAB.30.003291
http://dx.doi.org/10.1364/JOSAB.30.003291
http://dx.doi.org/10.1364/JOSAB.30.003291
http://dx.doi.org/10.1016/j.aop.2013.11.015
http://dx.doi.org/10.1016/j.aop.2013.11.015
http://dx.doi.org/10.1016/j.aop.2013.11.015
http://dx.doi.org/10.1364/OL.8.000596
http://dx.doi.org/10.1364/OL.8.000596
http://dx.doi.org/10.1364/OL.8.000596
http://dx.doi.org/10.1364/OL.12.001038
http://dx.doi.org/10.1364/OL.12.001038
http://dx.doi.org/10.1364/OL.12.001038
http://dx.doi.org/10.1364/OL.22.000793
http://dx.doi.org/10.1364/OL.22.000793
http://dx.doi.org/10.1364/OL.22.000793
http://dx.doi.org/10.1103/PhysRevE.53.1172
http://dx.doi.org/10.1103/PhysRevE.53.1172
http://dx.doi.org/10.1103/PhysRevE.53.1172
http://dx.doi.org/10.1364/OL.25.000417
http://dx.doi.org/10.1364/OL.25.000417
http://dx.doi.org/10.1364/OL.25.000417
http://dx.doi.org/10.1007/s11071-013-0980-y
http://dx.doi.org/10.1007/s11071-013-0980-y
http://dx.doi.org/10.1007/s11071-013-0980-y
http://dx.doi.org/10.1364/OL.16.000015
http://dx.doi.org/10.1364/OL.16.000015
http://dx.doi.org/10.1364/OL.16.000015
http://dx.doi.org/10.1103/PhysRevE.77.066605
http://dx.doi.org/10.1103/PhysRevE.77.066605
http://dx.doi.org/10.1103/PhysRevE.78.066613
http://dx.doi.org/10.1103/PhysRevE.78.066613
http://dx.doi.org/10.1103/PhysRevA.79.063810
http://dx.doi.org/10.1103/PhysRevA.79.063810
http://dx.doi.org/10.1016/j.aop.2010.02.012
http://dx.doi.org/10.1016/j.aop.2010.02.012
http://dx.doi.org/10.1016/j.aop.2010.02.012
http://dx.doi.org/10.1103/PhysRevLett.27.1192
http://dx.doi.org/10.1103/PhysRevLett.27.1192
http://dx.doi.org/10.1103/PhysRevLett.27.1192

