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We use a carrier-envelope-phase stabilized sub-2-cycle laser pulse to generate high-order harmonics and
study how the two-dimensional spectrum of harmonics, with the resolutions in temporal frequency and
spatial frequency, is shaped by the laser phase. An arrowlike spectrum obtained experimentally when the
gas cell is located in front of the laser focus point shows a resolution of full quantum trajectories; i.e.,
harmonics from different trajectories stand on different positions in this spectrum. In particular, due to the
laser phase combined with the classical-like action, the harmonics from short and long trajectories differ
maximally in their curvatures of wave fronts in the generation area, and so occupy very different ranges of
spatial frequency at the far field. The result directly gives a full map of quantum trajectories in high-order
harmonic generation. The conclusion is supported by an analytical model and quantum mechanics
simulations.
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High-order harmonic generation (HHG) from the
extreme nonlinear interaction between femtosecond laser
pulses and gas targets is an important method for
providing an attosecond pulse source [1–3] and simulta-
neously a coherent extreme ultraviolet source [4]. The
physical origin of HHG can be well described by a
semiclassical three-step model [5]. The model is further
developed to a full quantum mechanics description [6] and
can be incorporated into the frame of Feynman’s path
integral theory [7,8]. In the frame, for each quantum
trajectory the electron tunnels through the Coulomb
barrier depressed by the laser field, then is accelerated
in the laser field and spends time τ in the continuum, and
finally recollides with the atomic core and generates
harmonic with certain photon energy. Many trajectories
in one half-cycle of the driven laser together compose a
bundle of quantum trajectories. In each bundle the
harmonic with the highest photon energy comes from
the trajectory along which the electron spends time τc in
the continuum. Quantum trajectories with a time τ
less than τc are called short trajectories and those with
τ larger than τc are called long trajectories.
Each quantum trajectory carries a specific part of the

information of the whole process of HHG, such as the
temporal-spatial distribution of the driven laser, the struc-
ture of the medium, and the dynamics of the medium. The
information is transferred to high-order harmonics through
the process of recollision, and makes the harmonics have
different spatial-temporal properties that can be separated.
If the harmonics form different quantum trajectories can
be separated directly in the spectrum, it is convenient to
obtain clues about the generation process to improve
high-harmonic spectroscopy [9,10] and to study electron
dynamics [11].

A full resolution of quantum trajectories requires two
processes: generation and separation. Generation means
that harmonics from all quantum trajectories can be
generated and recorded. Separation means that, in the
recorded spectrum, harmonics from different quantum
trajectories locate at different positions. Some previous
works have been done on this topic [12–14]. The amplitude
of a few-cycle pulse varies dramatically from one half-cycle
to another, so harmonics from different half-cycles occupy
different ranges of temporal frequency. Haworth et al. [12]
first experimentally observed high-harmonics emission,
where short trajectories dominated, from each half-cycle.
In one half-cycle, the harmonics come from short and long
trajectories, along which the electron spends different times
in the continuum and so emits harmonics with different
ranges of spatial frequency [13–15].
This Letter presents studies on the two-dimensional

high-order harmonics spectrum, with the resolutions in
spatial frequency and temporal frequency, or convention-
ally speaking, in radiation angle and photon energy. The
total phase of high harmonic is composed of the laser phase
and the classical-like action. Radial distribution of the laser
phase varies at different positions relative to the focus point,
and together with the classical-like action leads to different
shapes of the spectrum at the far field. When the gas cell is
in front of the focus point, an arrowlike spectrum is
obtained, as in Fig. 1. In this spectrum, harmonics from
different quantum trajectories are separated. To our knowl-
edge, it is the first time people can resolve full quantum
trajectories, different bundles from different half-cycles and
different trajectories in one bundle, directly in one spec-
trum. Our work reveals that, by using the proper laser
phase, the wave front’s curvatures of harmonics from
the short and long trajectories differ maximally, so the
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harmonics have very different angular divergences and can
be separated effectively at the far field. This is a general
method that utilizes the laser phase to compensate the
classical-like action and to control the final spatial distri-
bution of high-order harmonics.
Our result is related to the previous theoretical work done

by Chipperfield et al. [16]. They used few-cycle pulses and
put a 2 mm gas cell behind the focus point, thereby
obtaining a chevron-shaped harmonic spectrum, which
mainly came from short trajectories and can directly link
to individual electron trajectories. The structure was
explained by phase matching, i.e., the propagation of
harmonics in the gas cell. In our case, harmonics from
both the short and long trajectories are simultaneously
recorded, and more importantly are clearly resolved. The
difference between these two trajectories leads to an
arrowlike spectrum. The structure can be understood by
the radial distribution of the total phase of harmonics in the
generation slice.
Our experiment was carried out using carrier envelope

phase (CEP) stabilized 4.2 fs pulses with energy of 0.4 mJ,
wavelength of 800 nm, and repetition rate 1 kHz [17]. The
gas cell was a sealed nickel tube of 1 mm diameter and was
filled with neon gas. The laser pulse was focused by a
spherical mirror with 0.4 m focus length into the gas cell to
generate harmonics and a hole was drilled to let the
harmonics go through. The gas pressure was around

20 kPa. The harmonics were focused by a toroidal mirror
into an extreme ultraviolet spectrometer [18].
When the gas cell was located at about 3 mm in front of

the focus point, an arrowlike harmonic spectrum was
obtained, as shown in Fig. 1. The half-cycle cutoff structure
provides us with an easy way to characterize the CEP of a
driving pulse [12]. Figure 1(a) exhibits the spectrum when
the CEP is close to 0, and Fig. 1(g) shows the correspond-
ing schematic laser field. Harmonics from different half-
cycles are separated along the axis of photon energy. Part A
in Fig. 1(a) stands at the cutoff region and shows a
continuous distribution, which comes from the most intense
half-cycle of the driving pulse as seen at A in Fig. 1(g). Part
B in Fig. 1(a) comes from the two half-cycles near the
peak of the laser, shown as B1 and B2 in Fig. 1(g), and
exhibits an interference pattern (discrete structure). Part C
in Fig. 1(a) comes from even weaker half-cycles shown as
C1 and C2 in Fig. 1(g). Harmonics from short trajectories
form a long shaft on axis (radiation angle is 0), and the one
from long trajectories form an arrowhead symmetric off
axis. The two components separate in the direction of
radiation angle, and together form an arrowlike shape.
When the CEP varies, as shown in Figs. 1(b)—1(f), the
pattern of the spectrum changes with the variation of the
electric field under the pulse envelope; it clearly indicates
that the connected off-axis and on-axis parts come from
the same half-cycle. These characteristics show a full
map from quantum trajectories to the high-harmonics
spectrum.
The far-field spectrum is the Fourier transform of the

harmonic’s distribution in the generation region. The
distribution can be expressed as two terms: the amplitude
and the phase. We consider only a single slice with 0
thickness of the gas cell in the generation region. The
fundamental laser is assumed to be a lowest-order Gaussian
beam and propagates in the direction of positive z. The
harmonic is assumed to have a Gaussian distribution of
amplitude in the radial direction r.
The phase of the qth harmonic is ϕqðr; zÞ ¼−qω0trðr; zÞ þ Sqðr; zÞ [6,19]. The first term can be

expressed as the laser phase. The second term is the action
of the electron accumulated in the continuum and can be
expressed as Sqðr; zÞ ≈ αmIðr; zÞ. ω0 and Iðr; zÞ are the
central angular frequency and the intensity of fundamental
laser pulse, respectively. α is the coefficient of the intensity-
dependent dipole phase [19,20], which is always negative,
and m ¼ s; l represents short and long trajectories, respec-
tively. If the action is expanded to the term of quadratic r
and only r-related terms remain, the total phase can be
written as

ϕqðr; zÞ ¼ cwzr2;

cwz ¼
qk
2Rz

− 2αm
I0z
w2
z
; ð1Þ

FIG. 1 (color online). (a)–(f) Experimental arrowlike high-
harmonic spectra with different carrier envelope phase (CEP).
(g) Schematic driven laser field when CEP ¼ 0. All color bars are
the same as that in (f), on a log scale.
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where cwz is the phase coefficient of the qth harmonic and
determines how curved the wave front of the harmonic is. k
is the wave vector. Rz, wz, and I0z are the radius of the wave
front, the beam size, and the intensity on axis (r ¼ 0),
respectively, at z for the fundamental laser. The coefficient
of the laser’s quadratic phase, the first term in Eq. (1),
changes from negative to positive when the value of z
changes from z < 0 to z > 0. The coefficient of the action,
the second term, is always positive. Compared to the case
with the condition of z > 0 (behind the focus point), when
the gas cell is located in the area of z < 0 (in front of the
focus point), the coefficient cwz is smaller and the corre-
sponding harmonics have relatively small angular diver-
gences. Especially for the short trajectory at a certain
position, where cwz ¼ 0, the harmonic has a flat wave front
and is a well-collimated beam. Because jαlj is larger than
jαsj, the harmonic from the long trajectory has a larger
coefficient jcwzj and always has a larger angular divergence
than that from the short trajectory [13,21,22]. The different
divergences of the two trajectories can be qualitatively
understood by the gradient of the total phase [23].
The amplitude of the qth harmonic can be expressed as

e−ðr=wqzÞ2 . The size of the harmonic beam wqz at the
generation slice can be roughly estimated by the cutoff
rule ℏωcutoff ¼ 3.17Upþ Ip [24]. ℏ is the reduced Plank
constant, ωcutoff is the angular frequency of the harmonic at
cutoff, Up is the ponderomotive potential, and Ip is the
ionization potential of the gas. The order of the harmonic is
proportional to the intensity of laser linearly, so for the qth
harmonic, the beam size at position z can be calculated as
wqz ¼ wz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1=2ÞInðQ=qÞp

, where Q is the order of the
cutoff harmonic.
The phase and the amplitude together make the near-

field distribution of the harmonic known. Fourier transform
of the distribution gives the angular divergence of the
harmonic:

θq ¼
λq

2πwqz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2wzw2
qz

q

; ð2Þ

where λq is the wavelength of the qth harmonic. When
z ¼ 0, Rz ¼ ∞, so the laser phase in Eq. (1) vanishes and
Eq. (2) degenerates to a simple expression [25].
The ratio of angular divergences of harmonics from the

long trajectory to that of the short trajectory, as a function of
the position of the gas cell, is defined as Rsl ¼ θql=θqs, and
is shown in Fig. 2. For a certain photon energy, the beam
sizes of harmonics from short and long trajectories are the
same at the generation slice, so the difference of their
angular divergences is determined only by their phase
difference. When the gas cell is located in front of the focus
point, the larger difference of the phases leads to the larger
ratio. In particular, when the gas cell is around the position
z ¼ −0.8zR, for nearly all the harmonics between 100 and
140 eV, as in Fig. 2, the ratios reach maximum. The larger

the difference of divergences, the less harmonics from short
and long trajectories overlap each other in the direction of
the radiation angle, and the more effectively the harmonics
can be separated at the far field. So putting the gas cell in
front of the focus point benefits the separation.
Our analytical model suggests that when putting the

gas cell in front of the focus point, we can obtain a full
quantum trajectories resolved high-harmonic spectrum.
However, this model is based on multicycle pulses and
assumes that the harmonic has a Gaussian spatial distri-
bution of amplitude. To go beyond these approximations,
we implemented numerical simulations, a one-dimensional
soft-core time-dependent Schrödinger equation (TDSE)
[26] for single-atom response, and a paraxial wave equation
for propagation of harmonics [27,28]. Only one slice of the
gas cell is considered, so the propagation is simplified to
the Henkel transform. The spectra for different positions of
the gas cell are shown in Fig. 3. When the gas cell is located
in front of the focus point, harmonics from short trajectories
are almost along the axis (radiation angle is 0) in Fig. 3(a)
and are like a long shaft; harmonics from long trajectories
are symmetric off axis in Fig. 3(b) and are like a arrowhead.
Together they form an arrowlike structure in Fig. 3(c).
When the gas cell moves towards the laser propagation
direction, as in the right-hand column of Fig. 3, spatial
distributions of the harmonics from both of the two
trajectories become more divergent, closer, spatially over-
lapped, and form a chevron shape. In this case, harmonics
from short and long trajectories cannot be effectively
separated.
We have compared both the analytical results and TDSE

simulations with experimental results. When the gas cell
moves towards the laser propagation direction, the far-field
harmonic spectrum changes from an arrowlike shape, as in
Fig. 3(c), to a chevronlike shape, as in Fig. 3(f). The slope
of the arrowhead also changes. Figure 4(a) shows a
consistent change of the slope in both analytical and
numerical models. The location of the gas cell in the
experiment can be estimated by this calculation to be about
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FIG. 2 (color online). Angular divergence ratio Rsl of harmonic
from long trajectory to harmonic from short trajectory. The
parameters of the laser beam are 800 nm, waist 60 μm,
I0z ¼ 6.65 × 1014W cm−2.
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0.3 times that of the Rayleigh length in front of the focus
point. Figure 4(b) shows the corresponding divergences of
harmonics from both short and long trajectories. The
analytical model gives a similar arrowlike structure. The
divergence of the harmonic for the short trajectory does not
change much with harmonic order. On the contrary, for the
long trajectory it decreases significantly. Finally, the two
harmonics converge in the cutoff region. The TDSE
simulation gives the more accurate and consistent results
for the long trajectories, harmonics from which form the
arrowhead in the spectrum.

Figure 5 shows the comparison of the harmonics
spectrum at the far field between the experiment and the
simulation. Harmonics from the three most intense half-
cycles for all trajectories are calculated. All of the features
of the experimental spectrum are obtained from this
calculation. This strongly supports our understanding that
a full quantum trajectories resolved harmonic spectrum is
recorded. It also supports the validity of our analyti-
cal model.
Although the length of the gas cell is 1 mm, the effective

length of the interaction is probably far less than 1 mm for
harmonics near the cutoff region; the phase mismatching
effect is not obvious and the experimental harmonics
mainly come from one slice in the generation region.
The short length of interaction is also indicated by
Haworth et al. [12] and Shiner et al. [29]. The arrowlike
spectrum with the resolution of full quantum trajectories
had survived from the phase mismatching effect. The
survival is a key to obtaining information about the
single-atom effect from the macrospectrum because it
can be extracted only after not being washed out by the
macroeffect. The phase matching for few-cycle pulses in
HHG would be further investigated.
In conclusion, using few-cycle laser pulses we studied

the variation of the two-dimensional high-order harmon-
ics spectrum by changing the position of the gas cell
relative to the focus point. Harmonics from the short
and long quantum trajectories have different radial
distributions of the total phase, so their angular diver-
gences are different. When the gas cell is located in
front of the focus point, the divergence difference can be
maximal, so that the harmonics from the two trajectories
can be effectively separated and form an arrowlike
spectrum at the far field. At the same time, the relatively
flat wave front makes the harmonic from the short
trajectory almost collimated. The results directly give a
full map of quantum trajectories in high-order harmon-
ics generation.
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FIG. 4 (color online). (a) Slope of the arrowhead. (b) Angular
divergences from short and long trajectories. S and L are short
and long trajectories. Ana, Exp, and TDSE are analytical,
experimental, and numerical results, respectively. Parameters
of the laser are the same as in Fig. 2.

FIG. 5 (color online). Comparison between (a) numerical
(z ¼ −0.3zR) and (b) experimental spectra, both on log scale.
Parameters of the laser are the same as in Fig. 2.

FIG. 3 (color online). Numerical far-field high-harmonic spec-
tra. The target is located at 0.8 times the Rayleigh length (zR) in
front of the focus point (first column) and 0.8 times of zR behind
the focus point (second column). In the first column, the
harmonics from the most intense half-cycle (HC) is calculated
for the short (a), long (b), and both trajectories (c); in the second
column, harmonics from three HCs are calculated for the short
(d), long (e), and both trajectories (f). Pulse duration is 4.5 fs,
other parameters are the same in Fig. 2. S and L are short and long
trajectories. All color bars are the same as in (a), on a log scale.
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